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BAI 7: HINH BINH HANH
I. TOM TAT LY THUYET

1. Pinh nghia: Hinh binh hanh 12t gi4c cd cc cap canh ddi song song

0ABCD

OABCD la hinh binh hanh < {AB //CD, AD// BC

Chu y: Hinh binh hanh la hinh thang dac biét cé hai canh bén song song
2. Tinh chat: Trong hinh binh hanh
Tinh chat vé canh: Céac canh d6i bang nhau
Tinh chat vé goc: Cac goc ddi bang nhau
Tinh chat vé duong chéo: Hai dudng chéo cat nhau tai trung diém cua mdi duong

Tinh chét dbi xtmg: Giao diém hai dudng chéo caa hinh binh hanh 14 tim dbi xing caa hinh
binh hanh

3. Dau hiéu nhan biét
Tt gi4c c6 cac canh di song song 1a hinh binh hanh
Tt gi4c c6 cac canh ddi bang nhau 12 hinh binh hanh
Tt gi4c c6 hai canh ddi vira song song vira bang nhau 1a hinh binh hanh
Tt gi4c c6 cac goc ddi bang nhau 1a hinh binh hanh
Tt giac c6 hai duong chéo cét nhau tai trung diém cua mdi duong 1a hinh binh hanh

Il. CAC DANG BAI TAP
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Dang 1: Ching minh 1 t& giac la hinh binh hanh
Phwong phap giai: Van dung céc du hiéu nhan biét dé chang minh 1 ta giac 1a hinh binh hanh
Bai 1: Cho hinh thang cin ABCD (AB//CD, AB < CD). Trén tia d6i cua tia BA ldy diém E sao cho

CB = CE. Chiing minh AECD 1a hinh binh hanh.

HD:

D@ thay tam giac BCE can tai C suy ra CBE = CEB
Ta lai co CBA=DAB
Ma CBE +CBA =180°

Nén CEB+ DAB =180°

Suy ra AC//ED (2 goc trong cung phia bu nhau)

Suy ra AECD la hinh binh hanh
Bai 2: Cho hinh binh hanh ABCD, duong chéo BD. Ké AH vudng goc véi BD ¢ H, CK vubng goc véi
BD ¢ K. Chang minh tir gidc AHCK la hinh binh hanh.
HD:

Hoc sinh tu v& hinh

Vi AHCK Ia hinh binh hanh nén

Suy ra: AH//CK (1),
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Vi AADB=ACBD

N&N Sapg = Scap hay AH2.DB _ CKéDB

Suy ra AH=CK (2)

Tu (1)(2) suy ra dpem.
Bai 3: Cho hinh binh hanh ABCD. Goi O 1a giao diém hai dudng chéo AC va BD. Qua diém O, v&
duong thang a cit hai duong thang AD, BC lan luot tai E, F, v& duong thang b cit hai canh AB, CD
lan luot tai K, H. Chung minh ti gidc EKFH 14 hinh binh hanh.
HD:

AAOK= ACOH(g.c.g) nén OH=0K(1) ;

AAOE=ACOF (g.c.g) nén OE=0F (2)

Tu (1)(2) suy ra dpcm
Bai 4: Cho tam giac ABC. Tir mot diém E trén canh AC vé dudng thang song song véi BC cat AB tai
F va duong thang song song vai AB cit BC tai D. Gia sit AE = BF.

a) Chang minh tam gidc AED cén. b) Chirng minh AD la phén giac cua goc A.
HD:

a) EDBF 14 hinh binh hanh nén AE=DE ( cliing bang BF)

b) EAD =EDA (aADE can tai E)

EDA = DAF ( sole trong)

Suy ra: EAD =DAF

Suy ra: AD la phan gidc cua goc A
Bai 5: Cho tam giac ABC va H la tryc tam. Cac dudng thang vudng goc véi AB tai B, vudng goc Voi
AC tai C cat nhau & D.

a) Chirng minh tir giac BDCH Ia hinh binh hanh.
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b) Tinh s6 do goc BDC, biét BAC =60°.
HD:

a), DC//BH ( cung vudng géc AC) ;

BD//CH ( cung vubng goc AB) nén BDCH la hinh binh hanh.

b), BDC=BHC ma HBA =HCA =30° Nén HBC =HCB =60°

Suy ra: BHC =60°
Bai 6: Cho hinh binh hanh ABCD, AD =2AB. Tir C v& CE vudng goc véi AB. Nbi E véi trung diém M
cia AD. Tir M v& MF vudng goc voi CE, MF cat BC tai N.

a) T giac MNCD la hinh gi? b) Tam gidc EMC la tam giac gi?

c¢) Chirng minh: BAD =2AEM.
HD:

a) MNCD la hinh thoi.

b) NF//BE ma N 1 trung diém BC nén F 1a trung diém EC

Suy ra AMEC cén tai M ( duong cao la trung truc)

c), Tacé: BAD+AEM=EMD; MEA = EMF=FMC = MCD =DMC

Nén BAD+AEM =3AEM hay BAD =2AEM.
Bai 7: Cho tu gidc ABCD. Goi E, F lan luot 1a giao diém cua AB va CD, AD va BC; M, N, P, Q lan
luot 1a trung diém cta AE, EC, CF, FA. Chting minh tir giac MNPQ 1a hinh binh hanh.
HD:

MN//=PQ (vi cling song song va bang mot nira AC)
Bai 8: Cho hinh binh hanh ABCD. Cac diém E, F thudc duong chéo AC sao cho AE = EF = FC. Goi M
1a giao diém cua BF va CD; N 1a giao diém cua DE va AB. Chirng minh rang:

a) M, N theo thir t 1a trung diém caa CD, AB. b) EMFN la hinh binh hanh.
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HD:

Hoc sinh tu vé hinh

a), DNBM 14 hinh binh hanh nén EN//FB, ma E 1a trung diém AF nén N 14 trung diém AB.
Ching minh tuong tu: M 1a trung diém CD.

b), Theo a) thi EN//FM (1) ,

AAED=ACFB (c.g.c) nén DE=BF,

ma MF=DE:2; NE=FB:2 nén MF=EN (2)

Tu (1)(2) suy ra dpem.
Bai 9: Cho hinh thang vuéng ABCD, c6 A=B=90° va AD = 2BC. Ké AH vuéng goc véi BD (H
thuoc BD). Goi I 1a trung diém caa HD. Chting minh rang: CI L Al.
HD:

Hoc sinh tu vé hinh

Goi P 1a trung diém AH,

Suy ra P1//=BC (cuing song song va bang AD:2)

Nén BCIP la hinh binh hanh,

Suy ra PI vuéng goc AB va CI//BP.

Trong ABIA c0 P la truc tdm tam giac nén BP vudng goc Al

Ma BP//CI

Nén Cl vudng géc Al.

Bai 10:Cho hinh binh hanh ABCD, duong chéo BD. Tur A va C ké AE, CF vudng goc véi BD 6 H
va K. Chirtng minh tir giac AHCK la hinh binh hanh

HD:

p 1>
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Taco: AH L BD,CK L BD= AH //CK
AAHD = ACKB(ch—gn) = AH = CK = 0AHCK Ia hinh binh hanh (dau hiéu nhan biét)

Bai 11:Cho hinh binh hanh ABCD. Goi O 1a giao diém cua hai duong chéo AC va BD. Qua diém
0, vé duong thang a cat hai duong thang AD, BC lan luot tai E, F. Qua diém O vé& duong thang b
cat hai canh AB, CD lan luot tai H, K. Ching minh ttr giac EKFH 1a hinh binh hanh

HD:
Taco AAOK =ACOH = OK =0OH
Lai cO ADOE = ABOF = OE =OF
Xét tir giac EKFH, c¢6 : OK = OH,OE = OF = 0EKFH Ia hinh binh hanh(d4u hiéu nhan biét

Bai 12:Cho hinh binh hanh ABCD. Trén cac canh AD, BC theo thu tu ta liy hai diém H va G sao
cho DH = BG va trén cac canh AB, CD theo thir tu liy cac diém E, F sao cho AE = CF. Chitng
minh rang EFGH 14 hinh binh hanh

HD :
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Theo giai thiét ta c6: AE = CF = EB=DF
DH =BG = AH =CG
AAHE = ACGF = HE =GF;AEBD = AFDH = HF =EG
— OEGFH 14 hinh binh hanh ( dau hiéu nhan biét )
Bai 13: Cho tir giac ABCD, goi M, N, P, Q 1an luot 13 trung diém ctia AB, BC, CD, DA.
a) Chirng minh rang MNPQ 13 hinh binh hanh.
b) Goi I 1a giao diém cua MP va QN. Goi E 12 diém trén tia IA sao cho EA =2AIvaJla
giao diém cta tia MA va EP. Chtrng minh rang J 13 trung diém cta EP.

HD:

a) HS chiing minh
b) Xét tam giac EMP ¢6 EI 1a trung tuyén.

DPiém A nam trén doan EI va EA = 2A1
<EA= % El < A la trong tdm tam giac EMP.

Suy ra MA 14 trung tuyén cta tam giac EMP

Ma MA cit EP tai J nén J 1a trung diém EP.
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Bai 14: Cho tam giac ABC c6 3 dudng trung tuyén AM, BN, CP. Pudng thing qua A song song
v6i BC cit dudng thang qua B song song v6i AM tai F; NP cat BF tai I, FN cit AB tai K, FP cat
BN tai H, NJ//AM (J thudc BC). Chirng minh ring cac tt giac AFPN, CNEP, NIBJ 1a céc hinh
binh hanh.

HD:

AF // BM va AM // BF, do d6 AMBEF 14 hinh binh hanh.

Suy ra AF = MB va AF // MB (1).

Lai c6 PN la duong trung binh trong A ABC nén PN = MB va PN // MB (2).

T (1) va (2) suy ra PN = AF va PN // AF.

Vay AFPN la hinh binh hanh.

Theo trén, AFPN la hinh binh hanh nén FP = AN = NC va FP // NC,

Tu d6 suy ra CNFP 1a hinh binh hanh.

Trong A ACM, NJ la duong trung binh,

Suyra NJ// AM //IB. Lai ¢c6 NI // BJ,

Do vay tu giac NIBJ 14 hinh binh hanh.
Bai 15: Cho hinh binh hanh ABCD. O mién trong hinh binh hanh ABCD v& hinh binh hanh
A’B’C’D’. Goi M, N, P, Q lan luot 14 trung diém cta AA’, BB’, CC’, DD’. Chung minh ré“mg to
gidc MNPQ Ia hinh binh hanh.
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HD:

K

Goi I 1a diém d6i xtmg ctia D’ qua M, K 1a diém dbi ximg ctia B” qua P,
Suy ra cac tir giac AIA’D’ va CKC’B’ 1a hinh binh hanh (hai dudng chéo cat nhau tai trung
diém mdi doan).
Tordoétaco Al=A’D’=B’C’=CKvaAl/ A’D’//B’C’ // CK.
Al cat CD tai O thi A; = Oy (gdc dong vi) va O = C; (so le trong).
Vi BAD =BCD = IAD = KCB
Tur d6 ta chirng minh dugc AIAD =AKCB va AIAB=AKCD (c-g-C)
AIAD =AKCB=ID=KB.
AIAB=AKCD = IB=KD.

Nhu vay ta dugce tr gidc IDKB 1a hinh binh hanh, suy ra ID // KB, ID = KB (1).

MQ 1a duong trung binh trong tam giac ID’D, ta c6 MQ = %ID vaMQ //'ID (2) .

Tuwong tu NP = %KB vaNP // KB (3)

(1), (2), (3) =MQ // NP va MQ = NP. Vay MNPQ la hinh binh hanh.
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Bai 16: Cho tam gidc ABC can tai A. tir mot diém D trén day BC, v& duong thing vudng goc véi
BC, cit cac duong thang AB, AC lan luot tai E, F. V& cac hinh chit nhat BDEM, CDFN c6 tdm lan
lwot 13 O, 1. Ching minh ring:

a) Tt giac AODI 1a hinh binh hanh.

b) A 14 trung diém ctua MN.

HD:

a) Vi tam giac ABC can tai A nén ABC = ACB (1).
Céc tir giac BDEM va CDFN la hinh chit nhat nén ta co6:
EBD = MDB (2) va NDC = FCD (3).
(1) va (2) = ACD = MDB = DO // 1A (hai goc dong vi bang nhau).
(1) va (3) = NDC = ABC = AO // ID (hai goc dong vi bang nhau).
Tur d6 suy ra AODI 1a hinh binh hanh.
b) Taco IA//OMvalA =0D = OM,
Suy ra AIOM la hinh binh hanh=AM =10 va AM // 10 (4).
AO /I NI va AO = ID = NI, suy ra AOIN la hinh binh hanh =AN =10 va AN // 10 (5).

Tir (4) va (5) =M, N, A thang hang va AM = AN. Hay A 14 trung diém ctia MN.
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Dang 2: Van dung tinh chat cia hinh binh hanh dé chitng minh tinh chat hinh hec
Chuang minh cac doan thang bang nhau
Chtng minh cac gdc bang nhau
Chuang minh cac duong thang song song
Chtrng minh cac tam giac bang nhau

Phwong phap giai: Van dung dinh nghia va cac tinh chat vé canh, goc, dudng chéo cua hinh binh
hanh dé giai toan.

Bai 1: Cho hinh binh hanh ABCD. Goi E 1a trung diém cua AD, F 14 trung diém cia BC Chung

minh

a) BE = DF; ABE =CDF b) BE//DF

HD :

a) Ta chung minh duwgc BEDF Ia hinh binh hanh

— BE = DF va EBF =CDF.

Céach khac:AAEB = ACFD (c.g.c) suy ra BE = DF va ABE =CDF
b) Vi BEDF hinh binh hanh = BPCM.

Bai 2: Cho tam gidc ABC, cac duong trung tuyén AD, BE, CF. Puong thang ké qua E song song

véi AB, qua F song song véi BE cat nhau tai G. Chirng minh rang

a. Tt giac AFEG Ia hinh binh hanh b. D, E, G thang hang va CG = AD
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HD :

a). OAFEG la hinh binh hanh = AF = EG, AF // EG (gt) = BF = EG = OBFGE Ia hinh binh

hanh ( cac canh d6i song song )
b). D, E, G thang hang va CG = AD
= OAGCD la hinh binh hanh

= AG=CD;AG//ICD

Taco: AG = EF:%BC;AG//EF I BC

Bai 3: Cho hinh binh hanh ABCD, O 14 giao diém cua hai duong chéo. E va F lan luot 12 trung
diém caua OD va OB

a). Chitng minh rang AE // CF

. . 1
b). Goi K 1a giao diém cua AE va DC. Chitng minh rang DK = 2 KC
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HD :
a). Xét tr giac AECF c6 hai duong chéo cat nhau tai trung diém cia mdi duong
= OAECF la hinh binh hanh = AE //CF
b). Qua O ké OH // CF // AE
Xét ADOH , ¢6 EK la duong trung binh cua tam giac = DK = KH (1)

Xét hinh thang EFCK, c¢6: OH la duong trung binh
1 1 1
= OH :E(EK +CF),KH =HC = > KC(2) T (1)(2) = DK =3 KC < KC =2DK (dpcm)

Bai 4: Cho hinh binh hanh ABCD. Goi K, | lan luot 14 trung diém cua céc canh AB va CD. Goi M

va N lan luot 1a giao diém cua Al va CK véi BD. Chttng minh

a). AADM =ACBN b). MAC=NCA IM//CN  ¢).DM=MN = NB

> >

HD :
a). Ta co CAKCI la hinh binh hanh

= AADI = ACBK (ccc) = AADM = ACBN (gcg)
b). Vi AKCI 12 hinh binh hanh = MAC = NCA, IM / /CN
c). Theo cau a = DM = NB,MN = NB => DM = MN = NB

Bai 5:Cho tam giac ABC, cac dudng trung tuyén AD, BE, CF trong d6 AD = 3cm, BE = 4cm,

AD 1 BE
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a). V& diém K sao cho D 1a trung diém cua EK, ¢/m rang t&r gidc AFKD Ia hinh binh hanh

b). Tinh d6 dai doan thiang CF

HD :
a). OAFKD Ila hinh binh hanh

= AF// KD, AF =KD = AF=ED,AF//ED = ED//AB,ED = %AB

b). Tinh FC = AEKC vubng tai K va BE = KC ( BECK Ia hinh binh hanh)

= AD 1 BE,AD//FK = FK L BE,BE//CK = FK L KC

Bai 6: Cho tam giac ABC vubng truc tam H. Goi M 1a trung diém cua BC, cac duong trung truc
ctia BC va AC cat nhau tai O. Trén tia d6i cua tia OC lay diém K sao cho OK = OC. CMR:

1
a). Tu gidc AHBK la hinh binh hanh b). OM :EAH
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HD :

AK //ON,BH //ON

T qi 3 hinh binh ha AK /IBH,AH //BK =
a). Ta giac AHBK la hinh binh hanh = {BK //OQ(AH //0Q)

b). Ta c6 OM =%BK:%AH(BK:AH)

Bai 7: Cho tam giac ABC tryc tam H. Cac dudng thang vudng goc véi AB tai B, vudng goc Voi

AC tai C cat nhau ¢ D, Chirng minh rang

a). T giac BDCH la hinh binh hanh b). BAC+BDC=180°
7 1
c). H, M, D thang hang (MB =MC) d). OM :EAH (OA=0D)

HD :

BH //CD(L AC)
CH // BD(L AB)

a). T giac BDCH cé:{ = OBHCD 14 hinh binh hanh ( dau hiéu nhan biét)

b). Xét Tu giac BDCH c6: A+ B+C + D =360° = BAC+BDC=180"
c). Tacd OBHCD Ia hinh binh hanh, M la trung diém cua BC

= M la trung diém cta DH = D, H, M thang hang nhau.
d). Xét AAHD , ¢6

OA=0D(O € AD),MH = MD(M e HD)
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= OM la duong trung binh caa AAHD

= OM :%AH = AH =2.0M

Bai 8: Cho hinh binh hanh ABCD. V& ra phia ngoai ctia hinh binh hanh cac tam giac déu ABM va

ADN. Chiing minh rang tam giac CMN la tam giac déu.

R

Tim céch giai

Dé bai cho hinh binh hanh va cic tam gidc déu nén c6 nhiéu doan thing bang nhau, nhiéu
goc bang nhau. Do d6 c¢6 thé nghi dén viéc ching minh tam giac bang nhau.

Trinh bay 101 giai

Ta dat ABC =a thi ADC=a; BAD=180° —q;

MAN =360° —(60° +60° +180° ot = 60° + a.

AMAN va ACDN c6

AM = DC (= AB); MAN =CDN (= 60° + ); AN = DN.

Do d6 AMAN = ACDN (c.g.c) = MN=CN. (1)

Churng minh tuong ty ta dugc AMAN = AMBC (c.g.c) = MN = MC. (2)

Tir (1) va (2) suy ra MN = CN = MC. Vay ACMN déu.

Nhan xét: Viéc dat ABC =o 1a mdt ki thudt giup ta tinh toan va so sanh goéc dugc nhanh

chong, tién loi.
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Bai 9: Cho hinh binh hanh ABCD c¢6 A =120°, phan giac goc D di qua trung diém cua canh AB.

Goi E 1a trung diém ctia CD. Chirng minh:

HD:

a) AB = 2AD
b) AADE déu, AAEC can

¢) AC LAD

a) Goi M 1a trung diém ctia canh AB, ta c6 AMD = CDM (1) (so le trong).
Mat khac, DM Ia phan giac goc D nén ADM = CDM (2)
(1), (2)= AMD = ADM, do d6 tam giac ADM can tai A.

Vay AD = AM = %AB.

b) Trong hinh binh hanh ABCD, A = 120° = D = 60° va AD = DE = %CD.

Tam gidc ADE can va c6 mot goc bang 60°, nén tam giac ADE déu.
Theo trén, tim giac ADE déu nén AE = ED = EC, suy ra tam giac AEC cén tai E.

¢) Vi AADE déu va A ACE can tai E nén EAC = %AED =30° (gbc ngoai ciia A AEC)

Mait khac EAD = 60°, suy ra CAD = 90°.

Vay AC L AD.
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Bai 10:. Cho hinh binh hanh ABCD. Hai diém E, F lan luot 1y trén BC, AD sao cho BE =% BC,

DF :% DA va EF lan luot cit AB, CD tai G, H. Ching minh réng:

a) GE = EF = FH
b) Tt gisc AECF 14 hinh binh hanh.

HD:

a)Trong A AGF, B trén canh AG, E trén canh FG.

Taco BE = %BC: %AF va BE /] AF

Suy ra BE la duong trung binh trong A AGF.

Do d6 E 1a trung diém cua GF (1).

Chung minh twong tu, DF 1a duong trung binh trong tam gidc CHE,
Nén F 1a trung diém cua HE (2).

Tur (1) va (2) suy ra GE = EF = FH.
) 2 . 2 _
b) Tacd AF = 5AD va EC = §BC,suyra AF=CE.

Mat khac AF // CE, do vay tir gidc AECF la hinh binh hanh.
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Bai 11:. Cho hinh binh hanh ABCD c6 2 duong chéo cat nhau tai O, dudng thang d nim ngoai
hinh binh hanh. Goi A’, B’, C’, D’, O’ lan luot 1 hinh chiéu cua A, B, C, D, O trén dudng thang d.
Chtrmg minh ring: AA’ + CC’ = BB’ + DD’ = 200’

HD:

Taco AA" 1d,CC Ld = AA'// CC'suy ra tir giac AA’C’C 1a hinh thang.

O 1a trung diém AC va OO’ song song vGi AA’

Nén OO’ 1a duong trung binh cta hinh thang AA’C’C.

Tur @6 ta co: AA’ + CC’ =200,

Lap luan tuong tu, ta co BB’ + DD’ =200".

Vay AA’ + CC’=BB’ + DD’ =200".
Bai 12:. Cho tam giac ABC, cac duong cao AK va BD cit nhau tai G. V& cac duong trung truc
HE, HF ctia cac canh AC, BC. Puong thang qua A song song v6i BG cat duong thang qua B song
song v6i AK tai I. Chirng minh rang:

a) BG = Al

b) BG = 2HE

c) AG = 2HF
HD:
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a) Taco AG // Bl va BG // Al nén tir giac AIBG la hinh binh hanh, suy ra BG = Al.
b) IB// AG = IB L BC, ma HF 1 BC,

Do d6 IB // HF.

Lai ¢ F 14 trung diém ctia BC nén HF di qua trung diém cua IC.

Chuang minh twong tu, HE ciing di qua trung diém cua IC.

Tir d6 ta dugc H 1a trung diém cua IC.

Trong A AIC, HE la dudng trung binh, do d6 HE = %AI = %BG. Vay BG = 2HE.

c) Theo chirng minh trén, HF 1a duong trung binh trong A CBI.

Suy ra HF = %BI . %AG (Vi AIBG Ia hinh binh hanh).

Vay AG = 2HF.
Bai 13: Cho tam gidc ABC, cac dudng cao BH va CK cit nhau tai E. Duong thing qua B vudng
goc voi AB va duong thang qua C vudng goc v6i AC cit nhau tai D. Goi M 1a trung diém cua BC.
a) Tt giac BDCE la hinh gi? Vi sao?
b) Chirng minh rang M 14 trung diém cta DE. Tam gidc ABC thoa man diéu kién gi thi DE

di qua A?
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¢) Chirmg minh rang BAC + BDC = 180°

HD:

a) Ta co:

{BEJ_AC

CE L AB
— BE // DC (1), — CE//BD(2)
DC L AC BC L

AB
Tur (1) va (2) suy ra BDCE la hinh binh hanh.
b) Vi BDCE 14 hinh binh hanh va M 1 trung diém ctia BC nén M la trung diém cua DE.
DE di qua A khi va chi khi A, E, M thang hang.
Vi E 1a giao diém hai duong cao BH va CK nén AE la duong cao trong tam gidc ABC.
Vay AE qua M khi va chi khi duong cao va duong trung tuyén ké tir A tring nhau, hay tam
giac ABC can tai A.
¢c) Trong tir giac ABDC: A+B+C+ D =360, ma B=C=90°nén A+ D=180°.
Vay BAC + BDC =180°
Bai 14:. Cho A ABC nhon (AB < AC), hai dudng cao BE va CF cit nhau tai H. V& duong thang
vudng goc voi AB tai B, v& dudng thiang vudng goc voi AC tai C, hai d/thdng nay cat nhau tai D.

a)Chtng minh AH 1 BC va tr giac BHCD la hinh binh hanh.
https://tuikhon.edu.vn Website Tai ligu word chudn c6 1o gigi-PT:0985029569




https://tuhoctoan.edu.vn

b)Goi M la trung diém BC. Chitng minh ba diém H, M, D thang hang va A EMF can.
¢)Goi K 1a diém dbi xang cua H qua BC. Ching minh BD = CK.
d)Puong thang vudng goc BC tai M cat AD tai L. Chang minh AH = 2ML.

HD:

a)Churng minh AH L BC:
H 1a giao diém hai duong cao BE va CF nén H 14 truc tam tam giac ABC,
Do d6 AH 1 BC.
Chang minh ta giac BHCD la hinh binh hanh.
BH_LAC, DC_LAC = BH//DC (1)
CH_LAB,DB_LAB = CH// DB (2)
Tu (1) va (2) suy ra BHCD la hinh binh hanh.
b) Hinh binh hanh BHCD c¢6 hai duong chéo BC va HD,
Do d6 M la trung diém BC ciing 1a trung diém HD.

Vay H, M, D thiang hang.

: , . . 1
A FBC vuong tai F, Co FM la trung tuyén, Do d6 FM = > BC.
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. . , . . 1
A EBC vuong tai E, c6 EM la trung tuyén, do d6 EM = E BC.

Tur do6 ta dugc FM = EM, hay A EMF cén tai M.

c¢) Chirng minh BD = CK.

K va H dbi ximg nhau qua dudng thang BC nén CH = CK.

Tu giac BHCD la hinh binh hanh nén CH = BD.

Tt do6 co ta BD = CK.

d) Ching minh AH = 2ML.

Theo trén AH L BC, theo gia thiét ML L BC, do d6 ML // AH.

Trong A AHD c6 M la trung diém ciia HD (chiing minh trén), L thuoc AD va ML // AH.
Tur d6 suy ra ML la duong trung binh trong tam gidc AHD.

Vay AH = 2ML.

Bai 15: Cho hinh binh hanh ABCD. V& hinh binh hanh BDCE 1a BDFC. CD cit BF 6 M va AM

cit CF & N.

HD:

a) Ching minh A d6i xtng véi E qua B.
b) Chirng minh C 1a trung diém cia EF.
c¢) Chung minh AC, BF, DE déng qui tai mot diém.

d) Ching minh FC = 3NC.
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a)Vi ABCD la hinh binh hanh nén AB // CD va AB = CD;

Vi BDCE Ila hinh binh hanh nén EB // CD va EB = CD.

Tir d6 ta c6 A, B, E thang hang va AB = EB,

Do d6 A ddi xtig véi E qua B.

b) BDCE la hinh binh hanh nén CE = DB va CE // DB,;

BDFC la hinh binh hanh nén CF = DB va CF // DB.

Do d6 C, E, F thang hang va CE = CF, vdy C 1a trung diém cua EF.

¢) D& thiy DF = BC va DF // BC; AD = BC va AD // BC.

Do d6 DF = AD va A, D, F thang hang, hay D 1a trung diém ciia AF.

Xét tam giac AEF, c6 AC, FB va ED 1a trung tuyén,

Do vay AC, BF, BD dong qui tai trong tim tam giac AEF.

d) Goi I 1a giao diém ctia AN va BD va O 1a giao diém ctia AC va BD.
1 1

1
Ta co6 I 1a trong tdm tam giac ACD, suy ra 10 = 3 DO = 5 DB = 5 FC ().
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Trong tam giac CAN c6 O 1a trung diém ctia AC va OI // CN nén OI 1 dudng trung binh,
o 1
Do d6 taco 10 = > CN (2).

Tu: (1), (2) suy ra FC = 3CN.

Bai 16:. Cho hinh binh hanh ABCD, céc phan giac A va D cét nhau tai M, cac phan giac B va C
cat nhau tai N. Chtrng minh rang MN // AB.

HD:

D" I C
Gia st AM cat DC tai I, CN cat AB tai J.

Ta cd DAI = BAI = DIA (so le trong)

Suy ra tam gidc DAI can tai D,

Do d6 M 1a trung diém cua Al

Chtrng minh tuong t, ta ¢6 N 1a trung diém cta CJ.

Xét tir gidc AICJ, c6 AJ // CI nén AICJ 1a hinh thang va MN la duong trung binh trong hinh
thang AICJ.

Vay MN // AB (ching minh xong).
Bai 17: Cho tam gidc ABC vudng can tai A. Trén tia d6i cta tia CA 1ay diém F; trén tia d6i cua tia

AB lay diém E sao cho BE = CF. V& hinh binh hanh BEFD.

a)Chang minh DC L BC.

b)Goi | la giao EF va BC. Chirng minh Al = %DB.

https://tuikhon.edu.vn Website Tai ligu word chudn c6 1o gigi-PT:0985029569




https://tuhoctoan.edu.vn

c)Qua | ké d/thang vudng goc vai AF cit BD tai M. Chizng minh MICF 14 hinh thang can.

d)Tim vi tri cua E trén AB dé A, 1, D thang hang.

HD: B

M

D
K
E

l

a) BEFD la hinh A . - binh hanh suy ra DF //
AB va DF = BE.

Tur d6 ta c6: DF L FC va DF = CF. Hay tam gidc DFC vudng can tai F
Do d6 DCF = 45°,

Lai c6 BCA =45°, suy ra BCD =90°.
Vay DC L BC.

b) Dung dudng thang qua E vudng goc vai AB, cit BC tai K. D& thdy BEK 1a tam giac

vubng can,
Suy ra EK = BE = CF.
Mait khac EK // CF (cung vuong gbéc voi AB).
Tu d6 ta dwgc EKFC 1a hinh binh hanh,
Suy ra I 14 trung diém cua EF.
Trong tam giac AEF vudng tai A, c6 Al 1a trung tuyén,

1 1
Do vay: Al= —EF = EBD.

N
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c) MI LAF= Ml // BE.

Lai ¢6 I 1a trung diém ctia EF va BEFD 1a hinh binh hanh
Nén M 1a trung diém ctia BD.

Suy ra MF // B1 // 1C va MI = DF = FC.

Vay MICF la hinh thang can.

Gia sir A, I, D thang hang.

Xét A ABD c6 M la trung diém ctia BD, MI // AB.

Suy ra MI 1a duong trung binh trong A ABD.

Nhu vay I 14 trung diém ciia AD.

Ttr @6 dé dang suy ra AEDF 1a hinh chir nhat.

Khi d6: AE = FD = FC = BE. Vay E 1a trung diém ctia AB.

Nguoc lai, néu E 13 trung diém ctia AB thi ta dé dang suy ra A, I, D thang hang.
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Bai 18:. Cho hinh binh hanh ABCD, A 1a goc nhon, AC cit BD tai O, DE L AB tai E, DF L BC tai

F.

a) Chirng minh rang tam giac FOE cén

b) Gia st BAD = m. Tinh EOF theo m.
HD:

B F 1 c
E
O
A D

a) Trén tia ddi cua tia FB 1dy diém I sao cho FI = FB. Ta c6 F 1a trung diém cua BI.
Ta giac DBI ¢6 DF vira 1a trung tuyén, vira 13 dudng cao nén tam giac BDI cén tai D.

OF la duong trung binh trong tam gidc BDI, suy ra FO = % ID = %BD.

Lap luan tuong ty, ta c6 EO = %BD.

T d6 suy ra EO = FO, hay tam gidc FOE can tai O.

b) Theo chirng minh & cau trén, tam gidc ODF can tai O suy ra ODF = OFD
Ta co: ODF +OFD = BOF(goc ngoai tam giac ODF) = BOF = 20DF
Tuong tv BOE = ODE .

Do d6 EOF = BOE + BOF = 2EDF.

Mat khac, EDF+ ABC + BED + BFD = 360° = EDF + ABC =180°

Do d6 EDF=BAD =m (cung bu v6i ABC)

Vay EOF = 2m.
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Bai 19:. Cho tam giac ABC can tai B, truc tim H, M 1a trung diém cua BC. Buong thang qua H
vudng goc véi MH cit AB, AC lan luot tai E va F. Chiing minh rang H 1a trung diém cua EF.

HD:

Goi D la diém ddi xung cia C qua H.
HM la duong trung binh trong tam gidc BCD nén BD // MH.
Ma MH L HE nén HE L BD (1).
Vi H la tryc tdm tam giac ABC nén BE _LHD (2).
Twr do suy ra E 1a truc tdm tam giac BDH, do d6 DE 1 BH.
Suy ra DE // CF.
Tir d6 ta chimg minh dugc DECF 14 hinh binh hanh, véi H 1a giao diém hai duong chéo.
Vay H la trung diém cua EF.
Bai 20:. Cho tam giac ABC nhon. Goi B 1a mot diém thudc mién trong cua tam giac sao cho:
PAC = PBC . Goi L va M 1a chan duong vudng goc vé tir P dén BC va AC. Goi D 14 trung diém cia

AB. Chtirng minh tam giac DLM can.

https://tuikhon.edu.vn Website Tai ligu word chudn c6 1o gigi-PT:0985029569




https://tuhoctoan.edu.vn

HD:

N
N

Goi H, K lan luot 1a trung diém cua AP va BP
Theo tinh chit song song cua duong trung binh ta c6 tir giac DHPK 1a hinh binh hanh.

Din dén DK = % - HL

Tuong ty KM = % =DH

Ta ching minh hai goc DKM va DHL bang nhau nhu sau :
DKM = DKP + PKM = DKP + 2.PAC
Do hinh binh hanh DHPK nén DKP =DHP, con PAC = PBC (giai thiét)
Suy raDKM = DHL,
Vay ta di tim du 3 yéu t6 dé cho hai tam gidc DKM va tam gidc DHL béng nhau.

Suy ra DM = DL (diéu phai chirmg minh)
Dang 3: Chirng minh ba diém thing hang, cac dwong thang dong quy

Phwong phap giai: Van dung tinh chat vé duong chéo cua hinh binh hanh
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Bai 1: Cho hinh binh hanh ABCD. Trén tia d6i cua tia AD lay diém M, trén tia d6i cua tia CB lay
diém N sao cho AM = CN. Ching minh r::ing ba duong théng MN, AC, BD gap nhau tai mot diém.

HD:

Tim cach giai

AC va BD la hai duong chéo cua hinh binh hanh ABCD nén ching cat nhau tai trung diém
O cua AC.

Ta con phai ching minh MN di qua O. Mudn vay chi can chimg minh AMCN 14 hinh binh

hanh dé suy ra dudng chéo MN di qua trung diém O cua AC.
Trinh bay 101 giai
T giac AMCN c6 AM // CN va AM = CN nén la hinh binh hanh.
Suy ra hai dudng chéo MN va AC cit nhau tai trung diém O cta AC.

Mit khac, ABCD 1 hinh binh hanh nén hai duong chéo BD va AC cit nhau tai trung diém

O cua AC.

Vay cac duong thang MN, BD va AC cung di qua trung diém O ctia AC.

Nhan xét: Hai hinh binh hanh AMCD va ABCD c6 chung duong chéo AC thi cac duong
chéo cuia chung dong quy tai trung diém cta dudng chéo chung.
Bai 2: Cho ttr giac ABCD, goi M, N, P, Q lan luot 13 trung diém cua AB, BC, CD, DA.
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a) Ching minh ring MNPQ 14 hinh binh hanh
b) Goi I, J 1an luot 1a trung diém ctia AC va BD. Ching minh rang cac doan thang MP, QN,
1J ddng quy tai mot diém.

HD:

D

a)Ta c6 MN la duong trung binh cua tam giac ABC

Suy ra MN//AC va MN = %AC;

PQ la duong trung binh ctia tam giac ADC

Suy raPQ// AC va PQ = %AC.

Do d6 MN//PQ va MN = PQ, suy ra MNPQ la hinh binh hanh.
b) Goi O 1a trung diém MP thi O ciing 13 trung diém QN.

Tam giac ABD c6 MI 1a duong trung binh nén MI//AD va MI = %AD.

Tam giac ACD c6 PJ 1a duong trung binh nén PJ//AD va PJ = %AD.

Suy ra MI//PJ va MI = PJ=MIPJ la hinh binh hanh.

Ma O 1a trung diém MP nén O ciing 14 trung diém 1J.

Vay cac doan thang MP, QN, 1J dong quy tai O.
Bai 3: Cho tu giac ABCD. Goi M, N, P, Q lan luot 13 trung diém cua cac canh AB, BC, CD, DA va |,
K 1a trung diém cac duong chéo AC, BD. Chirng minh:

a) Cac ti giac MNPQ, INKQ la hinh binh hanh.
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b) Cac duong thang MP, NQ, IK ddng quy.
HD:
a) MN la duong trung binh cuaa tam giac ABC nén MN =1/2.AC va MN//AC
PQ la duong trung binh caa tam giac DAC nén PQ =1/2.AC va PQ //AC
Suy ra MN =PQ va MN // PQ nén MNPQ la hinh binh hanh.
Chung minh twong tu: QI =KN va QI // KN
b) MNPQ va INKQ 14 hinh binh hanh nén MP.NQ,IK d6ng quy tai trung diém caa NQ.

Bai 4: Cho hinh binh hanh ABCD, O la giao diém cua hai duong chéo AC va BD. Goi M, N lan

luot 1a trung diém ciia OB va OD
a). Ching minh rang ti giac AMCN 14 hinh binh hanh

b). Tia AM cat BC ¢ E, tia CN cat AD ¢ F. Chirtng minh rang AC, BD, EF dong quy

HD :

OM =ON

a). Cach 1: Taco { = OAMCN [a hinh binh hanh
Céach 2: AAOM = AOCN(cgc) = AM //CN, AM =CN = OAMCN la hinh binh hanh.
b). Ta c6 AC va BD cat nhau tai O, ta di chang minh AC cat EF tai O

+) A =C,(a)= AE/ICF
+)Taco: A+A =C,+C, = A, =C, = AABE = ACDF = AE =CF
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Vay OAECF la hinh binh hanh = AC~BD=0

Bai 5:Cho tam giac ABC va O la mét diém thuoc mién trong cua tam giac. Goi D, E, F lan luot 12
trung diém cua cac canh AB, BC, CAva L, M, N lan luot 13 trung diém cua cac doan OA, OB, OC
Chuang minh rang EL, EM, DN ddng quy.

HD :
Goi I 1a trung diém cau LE, taco: DL // EN // OB

1
Va DL=EN :EOB = ODENL Ia hinh binh hanh

Chung minh tuong ty ta c6: LMEF 12 hinh binh hanh => EL,FM, DN d6ng quy tai 1 diém.

Bai 6:Cho hinh binh hanh ABCD, goi O 1a giao diém hai duong chéo. Trén AB lay diém K, trén CD lay
diém | sao cho AK = CI. Chting minh ba diém K, O, | thang hang.

HD :
Ching minh dugc AKCI la hinh binh hanh = BPCM

Bai 7:. Cho tr gisac ABCD. Puong thang AB cat duong thang CD tai E, duong thang BC cat
duong thang AD tai F. c GoilJ, K, L lan lugt I trung diém
ciia AE, CE, CF, AF. Chung minh rang IL//JK.

HD :

'K
'B

https://tuikhon.edu.vn d chudn c6 1o gidi-DT:0985029569




https://tuhoctoan.edu.vn

Xét A AEF, I 1a trung diém cta AE, L 14 trung diém ctia AF nén IL 1a duong trung binh.
Taco IL // EF (2).
Tuong tu, xét A CEF, JK 1a duong trung binh nén JK // EF (2).
Mt khac, I, J, K 1an luot ndm trén ba canh cia tam giac EBC nén [, J, K khong théng hang.
Vay tur (1) va (2) suy ra IL // JK.

Bai 8: Cho tam giac nhon ABC. V& phia ngoai tam giac, dung cic tam giac vudng can ABD va

ACE vudng tai A. Ching to rang duong trung tuyén AM cia tam giac ADE vudng goc véi BC.
HD:

B
D
H
M [ " C
F 4
, E

Goi H 1a giao diém cua AM va BC.
Dung hinh binh hanh ADFE.

Tacd BAC+ DAE = 180°,
Suy ra FEA = BAC (cung bu v6i goc DAE).

Hai tam giac CAB va AEF co:
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AC = EA.
CAB = AEF (theo trén).
AB = EF.
Suy ra ACAB = AAEF (c-g-c)
— ACB = EAF.
Mit khac CAH + EAF = 90°
Do d6 CAH+ACB =90°
Vay AHC =90°.
Bai 9: Cho hinh binh hanh ABCD. Dyng céc tam giac déu ABE, ADF ¢ ngoai hinh binh hanh
ABCD. Goi M, N, I lan luot 1a trung diém cua AF , BD, AE. Ching minh réng:
a) Tam giac CEF 1a tam giac déu.
b) MNI =60°

HD :

D C
a) Ta co: EBC = EBA + ABC =60° + ABC, FDC = FDA + ADC =60° + ADC.
Mat khac, vi tar giac ABCD la hinh binh hanh nén ABC = ADC,

Suy ra EBC = FDC.

Hai tam giac EBC va FDC c6:
https://tuikhon.edu.vn Website Tai ligu word chudn c6 1o gigi-PT:0985029569




https://tuhoctoan.edu.vn

EB = CD (cung bang AB), EBC = CDF, BC = DC (cung bang AD)
Suyra AEBC =AFDC (c-g-c), tir d6 ta c6 EC = FC (1).
EAF = 360° —(EAB + FAD + DAB) = 240° - DAB

= 240° —(1800 —ABC) = 60° + ABC

Do d6 EAF=EBC. Hai tam giac EAF va EBC co:

EA = EB, EAF = EBC va AF = BC, do vay AEAF = AEBC,

T do ta cd EF = EC (2).

Tur (1) va (2) suy ra EC = CF = FE. Vay A CEF déu.

b) N 1a trung diém cua BD ciing 1a trung diém cua AC.

Nhu vay, MN, IN, MI lan luot 1a duong trung binh trong cac tam giac AFC, AEC va AEF.
Ta co:

1

MN = 5 FC, IN =

N |-

Theo trén, FC = EC = EF = MN = IN = MI. Suy ra MNI la tam gi4c déu.

Vay MNI =60°.
Bai 10:. Cho tam giac ABC c6 trung tuyén AM. Liy diém G trén AM sao cho AG = 2GM.

a) Ching minh rang G 1a trong tim ctia tam gidc ABC.

b) Goi N, P lan luot 14 trung diém ciia CA, AB. Chirng minh rang G ciing 14 trong tdm cta
tam giac MNP.

HD :
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a)AG = 2GM

SuyraAM = AG +GM = AG + %AG: gAG.

DﬁnGn@dwnAMﬂwmmmAengM,
Do d6 G la trong tdm tam giac ABC
b) Ta c6 PN = %BC:MCVQMVNMQ
Do d6 tir giac CMPN la hinh binh hanh.
Suy ra duong thang CP di qua trung diém cua MN.
Vi CP 14 dudng trung tuyén trong tam giac ABC nén CP di qua G,
Do vy PG la di qua trung diém caa MN.
Chutng minh twong tw, NG di qua trung diém cia MP.
Vay G la trong tam tam giac MNP.
Bai 11: Chirng minh rang néu mdt tam giac c6 hai dudng trung tuyén vudng goc voi nhau thi tong

cac binh phuong ciia hai duong trung tuyén nay bang binh phuong dudng trung tuyén thi ba.
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HD:

tuyén.

hanh.

Tim cach giai
Két luan ctia bai todn goi y cho ta van dung dinh 1i Py-ta-go.

Mudn vay phai v& hinh phu tao ra mot tam gidc vudng c6 ba canh bang ba duong trung

Trinh bay 101 giai
Gia sir tam giac ABC 1a tam giac c6 hai duong trung tuyén BD va CE vuéng goc véi nhau.

Ta phai ching minh BD? + CE? = AF? (AF la duong trung tuyén thir ba).
Trén tia ED l4y diém K sao cho D 1a trung diém ctia EK.

T giac AKCE c6 hai dudng chéo cat nhau tai trung diém ctia mdi duong nén 1a hinh binh

— AK // CE va AK = CE.
Ta c6 DE // BC va DE=%BC . DK // BF va DK = BF.
Vay ttt gidc DKFB 12 hinh binh hanh = KF // BD va KF = BD.

Mit khac, BD | CE nén AK | KF.

Do d6 AKAF vudng tai A = AK? + KF? = AF? = CE? + BD? = AF2.
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Bai 74. Cho hinh chit nhat ABCD. Tia phan gidc goc A cit tia phan giac goc D tai M, tia phan
giac goc B cit tia phan giac goc C tai N. Goi E, F 1an luot 1a giao diém cia DM, CN véi AB.
Chtng minh rang:

a) AM =DM =BN = CN = ME = NF.

b) T giac DMNC la hinh thang can.

c) AF = BE.

d) AC, BD, MN déng quy.

HD:
B C
E
M
F
A D

a) D& thay cac tam giac ADM, BCN, AME, BNF la c4c tam gidc vudng can vé6i cac dinh lan
luwot 1a M, N, M, N.

Do d6 AM = DM = EM va BN = CN = FN.

Mat khéc, vi AD = BC nén AAMD =ACNB=AM=BN.

Viy AM =DM =EM =BN =CN =FN.

b) Tam giac ADE vudng tai A c6 ADE=45"= AED = 45°.

Lai co ABN = 45°, do d6 BN // EM.

Theo trén BN = EM, do vay BNME 1a hinh binh hanh,

Suy ra MN // BE /] CD.

Mait khac CN = DM. Vay CDMN Ia hinh thang can.

c¢) Chuing minh tuong tu nhu trén, ta c6 AFNM ciing 1a hinh binh hanh.
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T d6 suy ra AF = BE = MN.

d) Theo chirng minh trén ta c6 BN // MD va BN = MD,

Do d6 BNDM la hinh binh hanh,

Suy ra BD va MN cit nhau tai trung diém mdi doan.

Mait khac BD va AC cling cit nhau tai trung diém mdi doan.

Vay AC, BD, MN ddng quy tai trung diém mdi doan.

BAI TAP VE NHA

Bai 1: Cho hinh binh hanh ABCD (AB > BC). Tia phan giac cua goc D cat AB ¢ E, tia phan giac
cua goc B cat CD ¢ F.

a) Chang minh DE//BE. b) Tw giac DEBF Ia hinh gi?

HD :
a) Tacd AED=EDC va ABF = EDC = DE//BF (c6 goc & vi tri dong vi bang nhau).
b) Tu céu a) suy ra DEBF la hinh binh hanh.

Bai 2:Cho ti giac ABCD. Goi M, N, P, Q lan luot 1a trung diém cua céc canh AB, BC, CD, DA va |,
K 1a trung diém cac dudng chéo AC, BD. Ching minh:

a) Cac tir giac MNPQ, INKQ la hinh binh hanh.
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b) Cac duong thang MP, NQ, IK ddng quy.

HD :

a) T giac co cac canh d6i song song hoic tir giac c6 hai canh di song song va bang nhau nén la
hinh binh hanh

b) Sir dung tinh chat duong chéo cua hinh binh hanh ta ¢6 dpem

Bai 3: Cho tam giac ABC. Tir 1 diém E trén canh AC vé& duong thang song song véi BC cat AB tai
F va duong thang song song vai AB cit BC tai D. Gia sit AE = BF, ching minh

a. Tam giadc AED céan b. AD la phan giac cua goc A

HD :
a. Chirng minh BDEF la hinh binh hanh = ED = BF = AE = AAEDcéan tai E

b. Ta c6 BAD = DAC(= ADE) = AD la phan giéc cua goc A
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Bai 4: Cho hinh binh hanh ABCD c6 AD = 2AB. Tt C vé CE vudng goc véi AB. Néi E véi trung
diém M cta AD. Tir M vé& MF vudng gdc voi CE cat BC tai N

a. Ttr giac MNCD la hinh gi? b. Tam giac EMC la tam giac gi?

c. Ching minh BAD = 2AEM

HD :
a. Tacé MNCD la hinh binh hanh

b. Chirmg minh duoc F 1a trung diém cia CE = AECM can tai M
c. Chirng minh dugc AEM = FME = FMC = CMD = DCM = MCB can tai M

ma AE // MF nén BAD = FMD = 2CMD = 2AEM
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