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Chuong 1

CO BAN VE GIAI TiCH LOI

1.1 Tap loi
Cac ky hieu:
e Mot vector a luon hiéu 1a mot vector cot.
e Chuyén vi cia vector a 1a mot vector hang a”.
e Tich vo hudéng ciia hai vector a, b 1a (a,b) hay a’b.
e Tap céc s6 thuc 1a R.

Dinh nghia 1.1. Duong thing di qua hai diém a,b trong khong gian FEuclid
n-chieu R™ la tap hop cic diém x € R™ ¢6 dang

r=Xa+ (1—MN)bXeR.
Dinh nghia 1.2. Doan thdang néi hai diém a,b trong R™ la tap hop cic diém
x € R"™ ¢o dang
r=Xa+(1-Xb0< A< 1.

Dinh nghia 1.3. Tap M C R"™ goi la da tap affine néu vdi hai diém bat ky
x,y € M thi duong thang di qua x,y cing thuoec M. Tic la

Ar+ (1 =Ny, Voe,y € M, X € R.

Maéi da tap affine déu c6 duy nhat mot khong gian con L song song véi no.
Ticla L =M + a,a € R". Thit nguyén ctia M la thi nguyén cua L.

Dinh nghia 1.4. Siéu phding trong R la tap

{2 = (21, 22,...20)|210" + 290> + ... + 10" = ,a" €R,Vi =1..n,a € R}.



Vidu 1.1.1. Siéu phing trong khong gian 2 chiéu la duong thing, trong khong

gian 38 chiéu la mat phdng.

Bai tap 1.1. Siéu phdng cé phdi la da tap?

Dinh nghia 1.5. (Ve cdc nita khong gian)
e Nua khong gian dong trong R™ la tap

{x: (1, T2, ... Tp) ‘xlal—i—xgaz—i—...—i—xna" <a,a €R,Vi= 1..n,a€R}.

e Nia khong gian md trong R™ la tap

{x = (x1, 2, ... 20)|T10" +220°+. . 420" < a,a' € R, Vi=1..n,a € R}

e Daiy la cdc mita khong gian dudc xdc dinh bdi siéu phang

riat + xea + ...+ xpa" =«

e Hai niia khong gian déng, md nam bén kia siéu phang so vdi hai nita siéu

phang trén 1o

{2z = (21, 20,...20)|210" + 200> + ...+ 1,0" > a,a" €R,Vi=1..n,a € R},

{x = (21,79, ...20) 110" + 290° + ... + 200" > a,a’ € R, Vi =1..n,a € R},

Dinh nghia 1.6. (Tap loi)
Tap D C R™ goi la tap 107 néu

Va,b€ D va A € [0,1] ta cd Aa+ (1 — X\)b € D.

Dinh nghia 1.7. (Non 10i)
Tap D C R™ goi la nén 107 néu

Ve,ye D thix+y e D vatx e D,Vt>0.
Vidu 1.1.2. R% la non loi.
Bai tap 1.2. Non loi c6 phdi la tap 10i?

Dinh nghia 1.8. (Bao 10i)
Bao 1o ciia tap A la tap l0i nhé nhat chia A, ky hiéu CovA.

Vidu 1.1.3. A={z;y} = CovA={ A+ (1—-Ny|0 << 1}



Dinh nghia 1.9. (76 hop l6i ciia hai tdp).
Cho A C R*, B C R", té hop loi ciia A va B la tap hop cic diém thuoc R co
dang

r=X+(1-XNbaeAbe B,0< A<

Bai tap 1.3. 16 hop loi la tap 16i?

Dinh ly 1.1. Tap loi la déng vdi phép giao, phép cong, phép nhan vdi mot so
va phép lay to hop tuyén tinh. Tic la, néu A, B la hai tap 10i trong R™ thi cdc

tap sau day cting loi :
i) ANB:={z|r € A,x € B},
ii) MA+ B :={z =X a+ fbla € A,be B\, € R}.

Dinh nghia 1.10. Thi nguyén ciia mot tap loi A la thi nguyén cia da tap
affine nhé nhat chita A, goi la bao affine cia A ky hiéu la af fA. Thit nguyén
ctia tap loi A ky hieu la dimA.

Nhan xét 1. Néu A C R” thi dimA < n.

Dinh nghia 1.11. Tap hop cdc diém trong tuong doi ciia mot tap A C R™ la
tap hop
riA:={zr € A|FU(x),U(x)NaffA C A},

trong do : U(x) la lan can md cia x.
Bai tap 1.4. Néu A # () va loi thy riA # 0.

Dinh nghia 1.12. Mot tap hop dugc goi la tap loi da dién (hay khiic 16i) néu

no la giao cua hitu han cac nia khong gian dong.

Nhu vay, khtc 16i 13 tap hgp théa man cac bat phuong trinh dang :

CLHI’l + CL12I2+ .ot aanEn S b1
(1211’1 + CLQQ[L‘z—I— A agnx” S bg
A1 TY + Ao+ .+ ™ < by,

Hé bat phuong trinh nay cé thé viét dudi dang Az < b, trong do
a1 a1 ... Qip



Nhan xét 2. Khic 1oi la mot tap dong, cé thé khong bi chan.

Dinh nghia 1.13. Mot khiic 10i bi chan goi la da dién loi. Mot tap con A’

cua khic loi A duoge goi la mot dién cia A néu:
Va,be Aix=Xda+ (1-Nb;0<A<l,ze A =abeA.

Nhan xét 3.

o Moi dién cia mot tap loi da dién cing la tap 101 da dién. (Ching minh

nhan zét nay xem nhu bai tap)
o Mot dien cé thit nguyén 0 goi la mot dinh (diém cuc bién).
o Canh la dién c6 thit nguyén bang 1.

Dinh nghia 1.14. Diém x € C goi la diém cuc bién ciia tap C (C khong nhat

thiét 16i) néu C khong cé dogn thing nao nhan x lam diém trong.

Dinh nghia 1.15. Mgt vector h # 0 dugc goi la phuong vo han cia tap C
néu :

x+Ah CCVreCVA>0.
Dinh 1y 1.2.
i) Moi khic 101 khong chita tron mot duong thcfng déu c6 it nhat mot dinh.

i) Moi khiic 1oi A ¢6 dinh deu la tap

A= {ZL’ = Z)\ZUZ+ZB]dj

el jeJ

Z)\izl,/\i,ﬁjZO}.

icl
Trong dé: v* € {Tap I dinh},d’ € {Tap J phuong vo han}

Cha y 1.1.1.

i) Néu khiic 107 A bi chan thi A chi la to hop o7 ciia cdc dinh (tap I dinh):

el il

i) Néu D la tap 1oi da dién (khic 10i) thi D c6 thé biéu dién:
D= E+ D,

trong dé: E la khong gian con, Dy la khic 10i c6 dinh.



Dinh nghia 1.16. Ta néi siéu phing H = {z |(v,z) = a} tdch hai tap A va
B néu:
(v,a) < a, (v,a) > a,Va € A,Vb € B, (1.1)

ta noi H tdch han A va B néu (1.1) c6 it nhat mot ding thiic thic su.

Dinh 1y 1.3. Cho A la mot tdp loi déng va 2° ¢ A. Lic dé ton tai mot siéu
phang tach A va x°

Hé qua 1.3.1. (Bo dé Farkas)
Cho a € R™ va A la ma tran cap mxn. Khi do:

{a,z) > 0,Vz théa man Ax >0 < Iy >0 € R™ sao cho a = ATy.

Nhan xét 4. Y nghia hinh hoc ciia b6 dé la siéu phing di qua goc toa do
{a,x) = 0 tach non {x|Ax > 0} vé mot phia khi va chi khi vector phdp tuyén

2 N 32 A~ s - 9 - )2 N 2 A
a cua siéu phang thuoc non sinh bdi cic hang cia ma tran A.

1.2 Ham loi

Gido trinh nay chi xét cdc ham s6 thuc va nhan gia tri hitu han.

Dinh nghia 1.17. Vx,y € A0 <A <1
o ., Ham s6 f xdc dinh trén tap 10i A goi la ham 1oi trén A néu :
fOx + (1= Ny) <Af(2) + (1= N f(y).
o Ham f goi la loi chat néu :
fOAz+ (1 —=Ny) <Af(z)+ (1 =N f(y),Ve,y € A,0 <A< 1.

o Ham f goi la twa 163 (quasi convex) trén A néu

VA € R, tap mitc {x € A|f(x) <A} la mot tap loi .

o Ham f goi la twa lém (quasi convcave) trén A néu —f tua loi.

(a,z) +
(b,z) + 5
Dinh nghia 1.18. Cdc ham \f, f + g va max(f, g) dugc dinh nghia nhu sau:

(M) (@) = Af(=),

(f +9)(x) = f(x) + g(),
max(f, g)(x) := max{f(z), g(x)}.

Vidu 1.2.1. f(z) =



Dinh 1y 1.4. Cho f la ham loi trén tap loi A va g la ham 10i trén tap loi B.

Liic dé trén AN B cdc ham sau la 16i:
1) Af +Bg, YA, 5 =0,
ii) max(f,g).
Chtng minh dinh 1y nay nhu bai tap.
Dinh 1y 1.5. Mot ham 10i xdc dinh trén tap loi A thi lien tuc tai moi diém
trong cua A.
e Chu y: Ham 16i xac dinh trén tap 16i thi lien tuc tai moi diém trong,
chua chic lién tuc trén diém bién.
e Ki hieu: f'(a) hoac Vf(a) la dao ham cta f tai a.

Dinh 1y 1.6.

1. Cho f: A — R la mot ham khd vi trén tap loi md A. Dieu kién can va
dii dé f 16i tren A i -

f@) +(Vf(x),y—z) < fy), Yo,y € A.
2. Néu f khd vi hai lan thi f loi tréen A khi va chi khi Vo € A ma trin
Hessian H(x) cia f tai x zdc dinh khong am,tic la :
y"H(z)y > 0,Vz € A,y € R".
Cha y 1.2.1. Tinh kha vi cia mot ham loi gitt vai tro quan trong bac nhat
trong toi wu hoa.

Dinh nghia 1.19. Ta goi dao ham theo hudng d ciia mot ham sé f (khong
nhat thiét 10i) tai x la mot dai hiong so

o Ve i (& AD) — f(2)
flody =y =5

néw gidi han nay ton tai.

Dinh 1y 1.7. Néu f la mot ham loi trén tap A thi Vo € A va Vd € R" sao
cho x4+ d € A dao ham theo hudng d cia f tai x luon ton tai va nghiém ding

[z d) < f(z+d) - f(z).

Ngoai ra, véi moéi x co dinh, f'(xz,.) la ham loi trén tap loi {d: x+d € A}.



Nhan xét 5.

o Néu f kh vi thi: f'(z,d) = (Vf(z),d),Vd
e Ham 10i chua chdc khd vi tai moi diém
Dinh nghia 1.20. Cho f la mot ham trén tap loi A. Mot vector y* € R™ duoc
goi la dudi vi phan tai x* € A néu
flz) > f@*)+ (y",x — ") ,Vx € A.

Tap cic dieém y* théa man bat dang thitc nay dugc ky hiéu Of (x*).
Truong hop Of (x*) chi c6 mot diém ta noi f kha vi tai z*.

Nhan xét 6.
i) Tuong tu truong hgp ham mot bién, bat ding thiic
flx) > fl@)+ (y*,x —z*) Ve € A

¢6 nghia ring sieu phing di qua diém (x*, f(z*)) nam dudi do thi ham

A

$0.
i) Tap Of (x*) co thé rong, tuy nhién vdi ham 1oi khdc ().

Dinh ly 1.8. Cho f la ham loi (hitu han) trén tap loi A. Khi dé f c6 dudi vi

phan tai moi diém trong tuong doi riA.

Nhan xét 7.
Néu A=TR" thi  ¢6 dudi vi phan tai moi diém vi riR" = R".

1.3 Tinh chét cuc tri

Cho D C R", D # ) va ham s6 f : D — R (khong nhat thiét 161).

Dinh nghia 1.21. Mot diém z* € D dudc goi la cuc tiéu dia phuong cta f
tréen D néu ton tai mot lan cin md U cia x* sao cho f(x*) < f(x) vdi moi
r € DNU. Diém x* dugc got la cuc tiéu tuyét doi (toan cuc) cia f trén D
néu :

f(a*) < f(z), ¥z € D.
Duéi day 1 hai tinh chat co ban vé cuc tri ctia ham 10i :

Dinh 1y 1.9.



i) Moi diém cue tiéu dia phuong cia mot ham loi trén mot tap loi deu la

diém cuc tiéu tuyét doi.

i) Néu x* la diém cuc tiéu cia ham 1oi f trén tap loi D va x* € intD tha

0 € df(z*).

Dinh 1y 1.10. Cuc dai ciia ham 10i (néu c6) trén tap 1oi cé diém cuc bién bao

gi0 cung dat tar mot diém trén bién.



Chuong 2

DIEU KIEN TOI UU

2.1 Bai toan toi vu
Nhiéu van dé thuc té trong cac linh vire déu c6 theé mo ta nhu mot bai toan
t61 uwu.

Vi du 2.1.1. Mot 2i nghiép sin zudt n logi sin pham can st dung m logi
nguyén liéu khdc nhau. Goi x; la $6 higng sin pham thit j(j = 1,n) va ¢; la
lai thu duge cilia mot sin pham j. Biét rang dé sdin zudt mot sin pham loai j
can mot ligng nguyén lieu a;;(i = 1,m). Goi b; la s6 luong toi da cia nguyén
liéu © ma xi nghiép co.

Bai todn dat ra la hay sdn zudt moi loai sdan ph(fm vdi 86 luong bao nhiéu dé

téng loi nhudn thu dugce la l6n nhat.

Ta ¢6 md hinh toan hoc ctia bai toan trén nhu sau:
n
maXchxj (2.1)
j=1

v6i dieu kién :
Zaijxj S bz,l = 1,m, (22)

J=1

;20,5 =Tn, (2.3)

Dang tong quét clia bai toan t6i uu dudge mo ta nhu sau:

min f(z) Véi diéu kién = € D, (2.4)

max f(z) Véi diéu kien z € D. (2.5)

9
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Trong d6, D 1a mot tap (c6 thé réng) trong khong gian nao dé, f 1a ham
s6 thite xac dinh trén mot tap chia D. Thong thuong D duge mot ta nhu tap
nghiém clia hé déng thitc (bat ding thiic), cling c6 thé la tap nghiém ctia hé
phuong trinh vi phan (tich phan). D thudng duge goi 1a tap phuong an chap
nhan dudgc.

Cha v 2.1.1.
min{ f(z)|z € D} = —max{—f(x)|z € D},

Va tap cdc loi gidi toi wu cho hai bai todn nay trung nhau. Do dé, ta co thé

dua bai todan tim cuc dai vé bai todn tim cuc tiéu va nguoc las.

Xét bai todn (2.4), ¢6 bon kha ndng x4y ra doi véi nghiém t6i wu (tuyet
doi):

1. D la mot tap rong (khong c6 phuong 4n chap nhan dugce).
2. Cuc tiéu ctia f tren D bing —oo.

3. Cuec tiéu ctia f trén D hitu han nhung khong dat trén D.
4. f dat cyc tiéu hitu han trén D.

Dé tong quat, nhic¢u khi ngusi ta thay inf cho min va sup cho max.

Dinh nghia 2.1.

1. inf cia ham f trén tap D la so t Ion nhat théa man t < f(x),Vo € D.
Ky hiéu: inf cia f trén D la inf f(D)

2. sup cia ham f trén tap D la s6 t nhd nhat thoin man t > f(x),Vax € D.
Ky hiéu : sup cia f trén D la sup f(D).

Vi du 2.1.2. mine® vdi rang buoc x < 0 khong dat cuc tiéu tréen tap © < 0
nhung inf e* = 0
<0
T nay ve sau, ta xét bai toan toi wu trong khong gian Euclide -R™:
min f(z) v6i diéu kién x € D. (2.6)

Trong d6 D 1a tap doéng trong R™ goi 1a mién chap nhan dugc hay mién rang
buoc clia bai toan (2.6). Mot diem thuoc D goi la diém chap nhan dudc.

f 1a ham s6 xac dinh trén mot tap nao dé chita D va duge goi 1a ham muc
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tiéu.
Bai toan (2.6) dugc goi 1a mot quy hoach 16i néu D 16i va f 16i trén D.

Sau day, dé khao sat su ton tai nghiém ctia bai toan t6i uu, ta nhic lai mot sé

khai niém giai tich.
Dinh nghia 2.2.

1. Mot ham f xdc dinh trén X got la nia lién tuc dudi tai diém xy € X
néu Ve > 0,36 > 0 sao cho :

f(x) > f(xo) — €,V € X théa man : ||x — x| < 0.

2. Ham f goi la nita lién tuc trén tai xo néu —f la nia lien tuc dudi tai x.

J(x)

T T I

-4 =z 244

Hinh 2.1: Minh hoa ham ntta lién tuc duéi tai 2°

Chua y 2.1.2. Ham f nua lién tuc dudi trén tap dong X khi va chi khi Vt € R
tap mic:
levf(X) = {z € X|f(x) < )

la tap dong.
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Dinh ly 2.1. Diéu kien can va di dé ham f dat cuc tiéu trén D la tap
FX(D):={t e R|f(z) <t,x € D} déng va bj chan dudi.

Chimg minh. Néu x* 1a diém cuyc tiéu ctia f trén D thi F1(D) := [f(2*), +00)
1a déng (do phan bt md), va bi chan dudi béi f(x*).

Nguge lai F+(D) bi chan duéi suy ra: inf F4+(D) = t, > —oo0.

Do F+(D) déng = t, € F+(D) = 3z* € D : t, = f(z*

Vay, z* 1a mot diém cuye tiéu ctia f trén D. O
Dinh 1y 2.2. Néu D compact va f nita lien tuc dudi trén D thi f dat cuc tiéu
trén D.

Chitng minh. Dat t, = inf f(D). Theo dinh nghia inf ton tai {z"} C D :
f(z") — t.. Do D compact nén ton tai day con ctia {x"} hoi tu dén z* € D.
Do f nita lién tuc duéi: f(z"™) > f(z*) —€

Qua gidi han ta duge: ¢, = lim f(a2™) > f(z*)

Do t, la inf = ¢, = f(z*). Suy ra 2* la diém cyc tiéu ctia f trén D. O

2.2 Dieéu kién to6i vu va d6i ngau Lagrange
2.2.1 Diéu kién t6i uu
Dinh nghia 2.3. Mot vector d # 0 dugc goi la huéng chdp nhan dwoc cia
tap D tai x* € D néu ton tai so thuc X\, > 0 sao cho:

¥+ X €D vdi moi 0 < X < A\,.

Tap cdc hudng chap nhan duge cia D tai x* duge ky hiéu la D(z*) va bao déng
la D(x*).

Dinh 1y 2.3. Gid st f khd vi trong mot tap md chita D. Néu z* la cuc tiéu
dia phuong cia f tren D thi d*V f(z*) > 0 vdi moi d € D(z*).

Chitng minh. Khai trién Taylor tai z*:

f@™ + M) = f(&7) + MV f(2"),d) + r(Ad),

r(h)

trong do: — 0 khi h — 0.

Tit day va do z* cuc tiéu dia phuong, d € D(z*) nén:

flz*+Ad) — f(z*) > 0,V di nho.
= MV [f(z"),d) +r(Ad) > 0,Y\ di nho.
= d'Vf(x*) = (Vf(z*),d) >0,vd € D(z*).
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Néu d € D(x*) thi suy ra: d = li]{;n d* véi d* € D(z*).
Vi (d*, Vf(z*)) >0, cho k — 400 ta duge:
ATV f(z*) = (d,Vf(z*)) > 0,¥d € D(z*).
[
Dinh nghia 2.4. Mot vector «* € D dugc goi la diém ding cia f trén D
néu d'V f(x*) > 0,Vd € D(z*).
Nhan xét 8.
1. Néu z* € int(D) thi D(z*) = R™ va V f(z*) = 0.
(Chitng minh: Lay d = V f(z*) va d = =V f(z*) thé vao cong thic
diém ding).

2. Tu dinh ly 2.3, néu x* la cuc tiéu dia phuong thi «* la diem ding, tuy
nhién diéu ngugc lai khong ding. Chang han 0 la diém ding cia f(x) =
o nhung né khong phdi la cyc tiéu trén doan [a,b] chita diém 0 nao. Tuy

vay, vdi quy hoach 167 diém diumg chinh la diém cuc tiéu.

Dinh 1y 2.4. Gid st D la mot tap loi, f la mot ham loi khd vi trén tap md
chita D. Lic dé, diéu kién can va di cho x* € D lam ham cuc tiéu f trén D

la «* la diém dung cia f trén D.

Chiing minh.
=) z* cyc tiéu f trén D nén suy ra z* 1a diém dimg (dinh 1y 2.3).

<) Do fva D 16i,lay bat ky z € D va 0 < t < 1, ta co:

fa® + (e —a")) = flte + (L= t)z") <tf(x) + (1= 1)f(27)

Qua gi6i han cho t — 07:

tl_lf(g_ f(a:* + t(il? —tx*)) _ f(gj*) _ (l‘ _ JZ*)TVf(ZE*) < f(ZL’) . f(l'*)

Ma (z — 2*)TVf(2*) > 0 (diém ditng) nén suy ra f(z) < f(z*),Va € D. [

Trong cac bai toan quy hoach mién D thuong gip la tap nghiém ciia he
bat phuong trinh va phuong trinh sau:

gi(x) <0,(j =T, m); hi(x) =0, (i = 1 k) (2.7)

Trong do6 g;, h; 1a ham xac dinh trong tap md chia D.
Dé thay néu g; 161, h; affine(tuyén tinh) thi D 16i, dong.
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Dinh nghia 2.5. Déi vdi bai todn toi wu (2.6) vdi mién D duge cho nhu (2.7)
thi ham Lagrange dugc dinh nghia:

L(z, A\, i) = f(z) + Z Aigi(x) + thz(ﬂf)

Stt dung ham Lagrange ta thu duge diéu kién can (va du néu 1a quy hoach
161) t6i uu.
Khai niém diéu kién chinh quy:
Cho 2° 1a diém chap nhan duge ctia (2.7). Gia st cac ham g, h; ctia (2.7) kha

vi. Ky hieu S(2°) 1a tap céac vector d thda man hé tuyén tinh:
(Vhj(2°),d) =0,j =1,k, (2.8)
(Vgi(2%),d) <0,i € A(z"), (2.9)
)
0

trong d6 A(z") 1a tap chi s6 i c6 g;(2°) = 0. Cho 2° € D (D cho béi (2.7)).

Ta néi ring : diéu kién chinh quy dugc théa man tai 2° néu D(z°) = S(2)

Bo dé 2.1. Va° € D ¢6 D(z°) C S(2°)

Chiing minh. Cho d € D(z°), néu (phan chimng) d?Vg;(2°) > 0, (i € A(2°) thi
do g; kha vi: g;(2° + td) > g;(z°) = 0, V¢ di nho

= tréi véi gid thiét d € D(zY).

Tuong tu, V5 ta phai ¢6 d*'Vh;(2°) = 0 vi néu nguoc lai thi h;(z° + td) # 0
=d ¢ D(a2)

= mau thuan.

Vay D(z°) c S(2°). Do S(z°) déng = D(z2°) C S(z9). O

Dinh 1y 2.5. (Dinh lyj Kuhn-Tucker)
Gid st cac ham f,gj, hi(j = 1,m,i = 1,k kha vi lien tuc trén tap md chia
D. Cho x* la cuc tiéu dia phuong ciia bai todn (2.7) va tai dé D(z°) = S(a)
(diéu kién chinh quy dugc théa man).
Liic dé ton tai cac vector N = (Nj, A5, ..., A5 >0 va p* = (i, 15, . .., 1}) sao

cho:

m k

V@) + > XVgi(a") + > piVhi(a®) = 0. (2.10)
j=1 i=1

Nigi(x") =0,Vj=1,...,m. (2.11)

Néu (2.6) la quy hoach o, tic la f,g;(j = 1,m) la cdc ham 1oi va h;(i =
1,k) la ham affine va théa man diéu kién chinh quy thi (2.10) va (2.11) cing
la diéu kien di dé z* € D la li gidi ciia (2.6).
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Chitng minh. Dung khai trién Taylor

f@® + M) = f(27) + (Vf(2"), Ad) + r(Ad)

= (Vf(z"),\d) > 0,Yd € D(z").
Do x* chinh quy (D(z*) = S(2*)) nén (V f(z*), \d) > 0,Vd € S(z*).
Ap dung bé dé Farkas v6i ma tran A ¢6 cac dong:

—Vgj(x"),j € A(a”), Vhi(z"), =Vhi(z"),i = 1 k.

chii y diéu kien (2.8) (Vh;(z*), \d) = 0 tuong duong véi (Vh;(xz*),\d) > 0 va
(Vhi(z*),\d) < 0.

Ta ¢6 cac b thue A\; > 0,7 € A(z*) va oy > 0,5, > 0,0 = 1, k sao cho:

k
V™) + Z A\ Vgi(x™) + Z (a; — B;)Vhi(z") = 0.
JjEA(z*) i=1
Dat: \: = A Vg €A Wt = a; — B;,Vi = 1k, ta duge (2.10)
Aj=0,Vj ¢ A(z*)

va (2.11).
Hoc vien kiém tra két qua (2.11)

Ngugc lai, néu (2.6) 1a quy hoach 16i.
Gia st 2* khong t6i uu (phan ching). Khi d6 3z € D : f(z) < f(z*).
Dit d =z — 2" = d € D(z*) ta co:
o o St td) — f(a7)
(Vf(z"),d) —lg% ; <0 (2.12)
Mait khac Ajg;(z*) = 0,Vj nén \; = 0 néu j ¢ A(z*) (cht y ring D(z*) =
S(z))

Vay:
(A\jVg;(z"),d) <0,Vj (2.13)
V6i h;, dé dang suy ra:
(Vhi(x*),d) = 0,Vi (chii § tinh chat 1oi ciia ham affine) (2.14)
Két hop (2.12),(2.13) va (2.14), ta dugc:

m k

(Vf(),d)+ > X (Vgi(a™).d)y + Y (1 Vhi(z"),d) <0

j=1 i=1

Mau thuén véi (2.10). Vay z* phéi la nghiém t6i vu. O
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Chu y 2.2.1. Céc diéu kién (2.10) va (2.11) goi la diéu kién Kuhn- Tucker.
Cdc 56 \*, u* goi la cdc nhan ti Lagrange.
2.2.2 Db6i ngau Lagrange
Cho bai toan ban dau:
(P)  min f(z)
V6i rang budc:
T e X,g](l') < O?] = 17m
T bai todn ban dau (P) xay dyng mot bai toan t6i wu khac c6 dang:

(D) maxd(y)

V6i rang budc:
yey

Dinh nghia 2.6. Ta ndi D la bai toin doi ngau cia (P) néu vdi moi diém

chdap nhan x cia (P) vay cia (D) ta co:

fz) >d(y)

Cap doi ngau (P) va (D) gioi la chinh zdc néu Jz* € X,y* € Y sao cho
f(z*) = d(y*). Tic la z* la nghiém cia bai toan (P) va y* la nghiém cia bai
toan (D).

D61 ngau Lagrange ctia (P) duge xay dung nhu sau:

1. Xay dyng ham Lagrange

L(z,y) = f(z) + Z y;9;(x).

2. Xay dyng ham muc tiéu ciia bai toan d6i ngau (D):

d(y) := inf L(z,y).

zeX

3. Mién rang buoc cia
(D) :Y :=R"

4. Bai toan d6i ngau (D):

(D) supd(y) = sup inf L(x,y).
y=0 y=0 *€X
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Dinh 1y 2.6. Bai todn (D) la doi ngau ciia bai todn (P).

Chitng minh. Cho x 1a chap nhan ctia (P) va y la chap nhan cta (D). Do

g9i(x) S0 Viy; =2 0= yg;(z) <0.

Jj=1

Do doé:
f(z) = L(x,y) = inf L(z,y) = d(y).

Dinh 1§ 2.7. Gid si:
i) Bai toan (P) cé nghiém.
i) fva gi(j =1,m) la cic ham loi, lién tuc trén tap dong loi X.
i) Diéu kien Slater théa man, tic 3x° : g;(2°) < 0, V7.
Khi dé (P) va (D) la cap doi ngau chinh zdc.

Chiing minh. Ky hieu: g(z) = (g1(2), g2(2), - .., gm(x)). Ta no6i g 1a 161 khi moi

toa do ctia g 16i. Xét tap
A={(t,2) e RxR™|t > f(x),z > g(z), v € X}

Do f, g la tap 10i. Gid st 2* 1a nghiem cta (P), khi d6 (f(«*),0) ¢ A. Theo
dinh 1y téch ta c6: (e, y) # 0, (o, y) € R x R™ sao cho

at + (y,z) > af(z),VY(t,z) € A (2.15)

Do f,g lien tuc nén (2.15) ciing ding V(¢,2) € A (bao déng ciia A), thé vao
(2.15) ta co:
af(z) +(y,2) =2 af(z?), Ve e X (2.16)

Chi o rang trong (2.16), bén trdi la ham Lagrange cia bai toan (P), néu ta
chi duge y > 0 va o > 0 (dé chia 2 vé).

Truéc hét ta ching t6 y > 0

Gia stt ton tai mot toa do y; < 0. Khi do ta lay (¢, z0) € A, ta xay dung diém
(to, z) = (to, 20 + &7).

Trong d6 ¢/ = (0,0,..., 1 ,0,...,0)" va & > 0.

thit j
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Ta thay ngay (to,2°) = (to, 20 + &) € A. Thé (to, 2°) vao (2.15) va cho
¢ — +oo ta dugce:
—o0 > af(z*) (httu han) = Vo ly. Vay y > 0.
Tuong tu, a > 0. Hon nita a > 0 vi néu ngudgce lai (a = 0), thé vao (2.16):

<y,g<l’>> > O,VI cX

Diéu nay mau thuan véi gia thiét Slater (32° € X : (y, g(x°)) < 0).
Chia 2 vé ctia (2.16) cho « ta co:

@)+ (L.g()) > fa). Vo € X (2.17)
= d(2) = min(f(x) + v 9(2)) > f("). (2.18)

Ap dung dinh 1y (2.6):
flx*) > r;lggcd( ). (2.19)

dly") = d(2) = f(a"). (2:20)

Tic (P) va (D) la cap déi ngau chinh xéc. O

2.2.3 Diém yén ngua
Diém yéen ngua la phuong an rat hieu qua khi nghién citu cac diéu kien toi
uu va déi ngau.

Dinh nghia 2.7. Cho X CR" Y CR™ va F: X xY — R.
Mot diém (x*,y*) € X x Y duogc goi la diém yén ngua ciia ham F trén X x Y
néu:

F(z*,y) < F(z*,y") < F(z,y"),Vz € X,Vy € Y.

Nhan xét 9. Néu (z*,y*) la diém yén ngua thi x* la diém cuc tiéu cia F(.,y")
tren X va y* la cuc dai cia ham F(x*,.) tréen Y.

Hay zét diém yén ngua cia ham Lagrange ciia bai todn (P):
L(z,y) = f(z) + Y _ y;g:(x)
j=1

Dinh ly 2.8. Diém (2*,y*) € X x RT la diém yén ngua cia L(z,y) trén
X x R khi va chi khi
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i) x* lam cyc tiéu cia ham L(z,y*) trén X.

i) g;(z*) <0,(j =1,m).

1‘
g

wi) yjg;(z7) = 0,(j
Chiing minh.
i) (z*,y*) la diém yén ngua = 4) la hién nhién.
ii) Néu ton tai mot g;(x*) > 0, lay y = e* véi e' = (1,0,0,...,0).
£>0= &' €RY cho & — +o0 = L(z*,&e") = 400
= mau thuan (vi L(z*, e') < L(z*,y*), Véel).
iii) =) Dé ¥ ring:

L(xz",0) = f(z%) = f(2") + <y*,g(fc*)> = L{z",y").

Mat khac L(z*,y*) > L(x*,0) nén
f@®) < f@%) + (' g(2"))
= (y*, g(z")) = 0.

Nhung do: g(z*) < 0,y* > 0 nén suy ra y;g;(z*) = 0,Vj € [1,m]
<) Ngugc lai, do i) nén ta chi can chiing minh L(z*, y*) = max,>o L(z*, y).
That vay, ti ii), i) c6 ngay

L(z"y*) = f(a7) = f(a7) + (y, 9(z")) = L(z",y),Vy = 0.
Suy ra y* lam cyc dai ham L(z*,.) trén R

]

Dinh ly 2.9. Néu (z*,y*) la diém yén ngua cia L(z,y) trén X x R thi x*

la nghiém cia (P) va y* la nghiém cia (D).

Chaing minh. Do (z*,y*) 1a diém yén ngua, theo dinh ly (2.8) i), i), i14) suy
ra;

L(z*,y") = f(2*) > f(z) + (¥, g(x)) ,Vo € X.

Vi g(z) <0 (diéu kién rang buoc ctia bai toan (P) nén

f(z*) > f(x)Ve € X = z* € argmin(P).
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Hon nita, Yy > 0 ta co:

d(y) = inf [f(2) + (y, 9(x))] < f(2") + (y,g(z")) < f(z").

zeX

Mat khac:

dy”) == inf L(z,y") = min L(z,y") = L(2",y") = f(27).

Suy ra y* la nghiém ctia bai toan ddi ngau (D). O
Dinh 1y 2.10. Gid si (P) la mot quy hoach loi (X, f,g 1oi) théa man diéu
kién Slater. Lic dé x* la loi gidi cia (P) khi va chi khi ton tai y* > 0 dé
(z*,y*) la diém yen ngua cia L(ham Lagrange) trén X x R va y* la nghiém

ctia bai toan doi ngau (D).

Chitng minh. <) Suy ra tit dinh 1y (2.9)

=) Giad su z* € argmz'n(P) Do (P) 10i, thoa man diéu kién Slater (titc
Jz% € X : g;(z°) < 0,Vj = 1,m). Do do, theo dinh ly (2.7) cap (P), (D) la déi

ngau chinh xéc:
f(@®) = d(y") véi y* >0
Theo dinh nghia ctia d(y*):

f(z") =d(y*) = inf L(x,y")

zeX

Nghia la 2* 14 diém cuc tiéu ctia L(.,y*) (thda man diéu kién 4) ctia dinh ly

(2.8))

Ngoai ra

~
—~
8
N
IA

f@) +{y" g(x)) Ve e X
= g(¢") = 0,(y",9(z")) =0

= ii),74) clia dinh 1y (2.8) théa man. Thé thi (z*,y*) 1a diém yén ngua cta
L(z,y) tréen X x R
Theo dinh 1y (2.9) y* 1a nghiém cta (D). O

2.3 Bai tap chuong 2

Bai tap 2.1. Cho f tua loi trén tdp loi A, ching minh ring Vr,y € A va
z=trx+(1—-1)y,0<t <1 ta co:

f(z) < max{f(z), f(y)}.



Bai tap 2.2. Ching minh ring f dat cuc tiéu tuyét doi trén D néu
1. D déng, D # 0.
2. f nia lien tuc dudi trén D.
8. 3t € R dé tap mitc {x € D|f(z) <t} # 0 va bi chan.
Bai tap 2.3. Viét dieu kién Kuhn-Tucker tai o* = 1 ciia bai todn toi vu .
min{—2?: -1 <z < 1}.
Bai tap 2.4. Tim diém yén ngua ctia ham so
K(z,y) =z.y tren R xR.
Bai tap 2.5. Ching minh ring ham Lagrange ctia bai todn toi wu
min{—2%: -1 <z <1},
khong cé diém yén ngua trén Ry x R?.
Bai tap 2.6. Viét bai todn doi ngau ciia quy hoach toan phuong
min{%xTQx +q¢" 2},

vai rang buoc:
Ar < b,z >0

Trong do Q va A la cac ma trgn n X n,m X n.
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Chuong 3

PHUONG PHAP CO THE VA
PHUONG PHAP TUYEN
TINH HOA

Phuong phap c6 thé 1a phuong phap rat hieu qua dé giai cac bai toan toi
uu phi tuyén.

3.1 Huéng chip nhan tut
Dinh nghia 3.1. Xét ba: toan
min{ f(z)|z € D}. (3.1)

Ta néi rang mot vector d # 0 la hwdng chap nhan tut cia bai todn (3.1)
tai diém v € D néu:

d € D(x) va theo hudng d, ham f(x) gidm.

Xét bai toan

min f(x) (3.2)
var rang buoc:
r e D :={reR"g(x) <0},
trong dé g(x) 1oi, zdc dinh trén R™.

Cha y 3.1.1. g loi = g lién tuc tai moi x € int(D) va luon gid thiét D la tap

compact.

Ménh dé 3.1. Gia st D dugc cho bdi (3.2), vdi g o3, lien tuc tren R™. Gid
st g(x®) = 0. Khi dé d la hudng chap nhan duge tai x* khi va chi khi bai todn

22
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o wu mot bién
- k
Juin, g(z® + td) (3.3)

c6 nghiém t* > 0.

Ching minh.
<) Néu t* 1a nghiem ctia (3.3) = g(a* + t*d) < g(2%) = 0.

Do g 16i suy ra:
g(a* +t"d) < 0,vt € [0,t*] = d € D(a%).

=) Vid e D(z") = 3N > 0: g(z" +t*d) < 0,Vt € [0, \]
Va do g(x*) = 0 nén suy ra bai todn (3.3) c6 it nhat mot nghiem t* > 0. O

3.2 Phuong phiap FRANK-WOLFE
(phuong phap huéng cé thé)
Xét bai toan quy hoach tuyén tinh
min f(x) (3.4)

véi rang budc:
x €D :={zx|Az < b,z >0}

trong d6 f kha vi lién tuc trén D, A la ma tran (a;j)mxn, b € R™ va D bi chan.
* Thuat toan huéng chap nhan tut (Frank-Wolfe)

1. Buéc 1: Ding quy hoach tuyén tinh (néu can) tim diém xuat phat o €
Dk =0.

2. Buéc 2: Tinh V f(a*)
a. Néu V f(2*) = 0 dimg.
b. Néu V f(z*) # 0, gidi quy hoach tuyén tinh:
(L(z*)) min{(Vf(2"*),z — 2"} |z € D}
thu dugc 1oi gidi 1a «* (mot dinh ctia D).

i. Néu (Vf(z*),uf —2*) > 0 = dimg.
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ii. Néu (Vf(zF),uf — 2*) < 0= d* :=u"—2"* # 012 huéng chap nhan
tut (Bai tap: Ap dung khai trién Taylor cho f).
Theo huéng d* tim zFt1 € D sao cho f(z**!) < f(2*) thong qua
giai bai toan mot bién

min{ f(z* +td*),0 <t <1}

dugc nghiém t; > 0.
Khi do6 lay o**! = 2% 4 t,d* thé z* := 2+, quay lai budc 2.

Thuat toan nay hoi tu theo dinh 1y sau:
Dinh ly 3.1. Thudt todn gidi bai todn (3.4) cho két qud:
i) F(4) < (), V.

i) Néu thudt todn dimg ¢ x* thi o* la diém dimg cia f tréen D. Néu thudt

todn vo han thi moi diém tu cia day {x*} déu la diém ding.

iii) Néu f 1oi the moi diém ding déu la nghiém cia (3.4). Ngodai ra diy
{f(x®)} hoi tu dén gid tri toi vu cia f* va

0< f(a¥) — f* <(V[f(a"),2" — "), VEk

Chiing minh.
i) D& thay vi theo cach xay dung, thi d* 1a huéng chap nhan tut.
i1) Gia sit thuat toan két thic tai bude k, nghia la

(V ("), uf —2F) >0
Do u* € argminL(z"*) nén

(Vf(@@"),z — 2"y >min{(Vf(2¥),z —2*) : 2 € D}
= <Vf(a:k),uk — xk> >0,VreD

Tt dé suy ra z* 1a diém ding.

Gia st thuat toan vo han.

Goi z* 1a diém tu ctia day {z*}.

Do D compact nén ton tai day con {z%} — z*.
Goi {ufi} 1a nghiem ctia L(z%7).

Do tap dinh ctia D hitu han = dé cho gon, ta coi u*

i = u*,Vj (néu khong ta
sé lam phép chiing minh dudi day véi nhiéu nhat sé 1an béng s6 dinh cta D).
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Theo tinh don diéu ctia day {f(«*)} va cach xac dinh 2% u* thi V¢t € (0,1) ta
co:
kj+1 < kj+1 < kj t * k]’ )
fQaht) < fla®7) < fa + (?: : hx ))
.ch.nh tut

Cho j — 400, do f lién tuc:
F(*) < fla® +tur — ),V € (0,1).
Qua gidi han (dé y f(z* + t(u* — %)) — f(z*) > 0) ta co:

o F e — 7)) — )

t—0t t

= <Vf(:ka),x—x*> Vx e D.

Vay z* 1a diém dimg.

i11) Néu f 161 suy ra:

= z* € argmin(3.4)

O
3.3 Phuong phap cit KELLEY
(phuong phap tuyén tinh héa)
Xét quy hoach 10i:
min{c’z: x € D}, (3.5)

trong d6 ¢ € R™, D 1a tap 16i compact cho duéi dang
D :={x € R"|g(z) < 0},
véi g 1 ham 16i trén R™.

Chua y 3.3.1. Trudc day D thuong cé dang D := {x € R"|g;(z) <0,j =1,m}
vdi g; 10i Vg € [1,m]. Bing cdch dat:

g(x) = max{g;(x)|j = I, m} = g loi .
J

Va tap:
{z € R"[g;(z) <0,j =1, m} = {z € R"|g(z) < 0}

Ta déu cé thé dua vé biéu dién D cia (3.5) (Bai tip)

* Thuat toan cat Kelley
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1. Buéc chuan bi: Xay dung da dien 16i Dy D D. Cho k=0
2. Buéc k(k =0,1,...): Gidi quy hoach tuyén tinh
(L) min{c’ x|z € Dy}
k

Tim duge nghiém x”.

a. Néu ¥ € D = 2% € argmin(3.5) = ding.

b. Néu 2* ¢ D, xay dung siéu phang (ham affine)
L(z) :== ("', 2) —byp1  sao cho théa man :

(a"*', 2"y — b1 <0,Vz €D
("', 2"y — by = g(2*) >0 (3.6)
Dat Dyyq := Dy ({z|le(x) <0}, gan k := k + 1 161 quay vé budc k.

Chu ¥ 3.3.2. Dé zay dung duoc siéu phang l,(x) théa man (3.6) thong thuong
lay a**1 € dg(2*) va dat

li(z) = (" z — 2*) + g(a").

Dinh nghia 3.2. Mot day phiém ham affine {I;(z) := <ak“,x> — bri1} dugc

goi la bi chan déu néu ton tai mot hdang so ¢ sao cho :
Hak” <c,Vk.
Dinh ly 3.2.

i) Néu thudt toin Kelley ding lai & budc thit k thy 2% la nghiém toi wu cia
bai todn (3.5).

i) Néu thudt todn vo han, cdc siéu phazng cdt bi chan déeu thi moi diém tu
clia day {x*} déu la nghiém toi wu ciia bai todn (3.5) va day {f(x*)} don

dieu tang dén tri toi vu f, cia bai todn (3.5).
Chiing minh.
i) Theo cach xay dung siéu phang ta co
D C Dy, Dyy1 C Dy, Vk.

Gia sit thuat toan dung tai buée thit k ta suy ra
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z¥ € D, D C Dy va 2F 1a nghiem ctia bai toan (Lj,)

Do d6 z* € argmin(3.5).

ii) Gia sit thuat toan vo han. Do x* € Dy, Vk, vi Dy compact
= {2*} c¢6 day con {2%} hoi tu dén z*. Dé dé ky hieu, ta goi day con
hoi tu do 1a {a*}.
Vé6i k > j, theo (3.6) ta co:
<aj+1,xk> —bjy1 <0
= (a*', 2" —27) + g(27) <0
= g(@’) < [[(@*, 2" —2')|| < [l [ - 27]]

<ec. ka —:ch.

Do g(2?) > 0,Vj va ka — xJH — 0 khi £, j — 400

= g(27) = 0.

Tic la g(z*) =0= 2" € D. (¥)

Mat khéc : f(z*) < f.,VE,

do f lien tuc suy ra f(z*) < f.. Két hop dieu nay véi (*) ta di dén két
qua z* € argmin(3.5).

Hon nita f(z*1) > f(a®),Vk = f(z%) 7 f.

3.4 Bai tap chuong 3

Bai tap 3.1. Cho D := {x : g(x) < 0} vdi g loi tren R". Gid st g(u®) < 0 va
g(x*) > 0. Cho u* la diém tren doan (u®,z"*) sao cho g(u*) = 0. Lay a**' la

dudi vi phan cta g tai u* va zay dung siéu phdang:
li(z) := (a"" x —u*).
Chatng t6 rang siéu phang ly,(z) théa man cac tinh chat trong thuat todn Kelley:
1. ly(z) <0,Vz € D,
2. lp(z%) >0,
3. Ip(z%) < g(ab),

4. Day {lx} bi chan déu néu D bi chin.
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Biét ring: Anh ciia tap compact qua dnh za dudi vi phan cia mot ham 107 trén

R™ cing la mot tap compact.

Bai tap 3.2. Cho 2° = (0,0,4)T. Tinh 2 budc dau tién cia thudt todn Frank-
Wolfe cho bai toan

min{0, 527 + 2125 + 2, 513 + 1013 + 5 — 211 — 4wy — 613},

vdi rang buodc
1+ To+ T3 S 5
21 + 23 <6

L1,T2,T3 2 0



Chuong 4

PHUGONG PHAP HAM PHAT
DIEM TRONG, DIEM NGOAI

4.1 Phuong phap ham phat diém trong

Xét bai toan
min f(x), (4.1)

s.t
D :={z|g;(z) < 0,5 =1,m, g; lién tuc tréen R"}
Gia st D compact.

Dinh nghia 4.1. Ham p : R* — R dudc goi la ham phat diém trong trén mién

D néu théa man:
a) p lien tuc trén tap hop

DY := {x € R"|g;(x) < 0,Vj =1,m}.
b) V{z*} c D° a* Lnak N ¢ DY ta co

lim p(z¥) = +o0.

k——+o0

Hai ham phat diém trong ndi tiéng (Fiacco, McCormick):

m m 1
p(x) ==Y log(—g;(x) hodc p(x)=— -
= ) 9i()
Xay dung bai toan phu (B;)
1. Xay dung ham tham s6 mot bién s(¢) : Ry \ {0} — R, \ {0} sao cho :

29
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i) s(t) lien tuc vVt > 0 va s(t) — 0 khi ¢t — +o0.
ii) s(t) don dieu gidm (s(t) > s(t'),Vt' >t > 0).
Vidu s(t) =1/t, s(t) =1/t

2. Xay dung bai toan phu
Dat ham
F(z,t) = f(2) + s(t)p(z), (4.2)

v6i mién ¢ > 0 xay dung bai toan phu khong rang buoc
(B;) min{F(z,t) |z € R"}.
Ménh dé 4.1. Gid si cic diéu kién a,b,i,ii théa méan va bai toan (B;) c6
nghiem ¥t > 0. Khi dé, néu 0 < t; < ty va x' la nghiém cia By, (i = 1,2). Ta
co :
1. p(z') < p(2?),
2. f(ah) = f(z?).

Chitng minh. Dé don gidn ky hieu, dat s(t;) = s;, p(a?) = p;, f(2') = fi,i =
1,2. Khi d6 :

fitsipn < fot+sipp viz'la argmin (Bt ), (4.3)
fQ + SaP2 S f1 —+ SaP1 vi 1'2 1a argmin(Btg). (44)

Cong 2 vé va udc luge:

$1p1 + Sap2 < S1P2 + Sap1
= (51— s2)(p1 — p2) < 0.

Do t; <ty = 51 > 89 (dd gidm) = p(z!) < p(a?)
= (theo (4.4)) f(z') > f(z?). O

Dinh ly 4.1. Néu day {t;} don diéu tang dén +oo va z* la nghiém cia (By,)
thi day { f(z*)} hoi tu gidm dén tri toi wvu f. cia bai toan (4.1). Ngodai ra moi

diém tu cia day x* déu la nghiém cia bai todn (4.1).

Chiing minh. Theo menh dé (4.1) thi day {f(x*)} don dieu giam, do d6 day
{f(z*)} hoi tu. (vi sao ?)
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1) Xét truong hop nghiem cta (4.1) z* € DO
Do z* 1a nghiem cta (B;,) (dé y 2% € D° néu 2* ¢ D° thi F' = +00)
nén:

F@™) + s(te)p(z®) < fa*) + s(ty)p(a®). (4.5)

Do D compact nén {z*} hoi tu dén u* nao do.
1.a) Néu u* € D° qua gidi han (s(t,) — 0,p(z*), p(u*) hitu han) suy ra:

f(u") < f(z¥) = u* € argmin(4.1).

k——+o0

1.b) Néu u* ¢ D° thi p(a¥) ——= +o00 nén 3K, sao cho s(t;)p(z*) >
0,Vk > K;. Khi do, tu 4.5 ta co:

f(2®) < fla*) + s(ty)p(z*), Yk > K.
Qua gidi han ta dugc

lim f(a*) < f(a").

k—+4o0

Mit khéc do 2% € D = f(2*) > f(a*),Vk > K, nén ta c6

lim f(a*) > f(z*).

k——+o0

T do suy ra

lim f(2*) = f(z%).

k——+o0
2) Truong hgp nghiém t6i uu cia bai toan (4.1)x* ¢ D°
Dat 8 = limg_,, o f(2%). Tasuy ra f* < B (do f(a*) > f(z*),Vk)
Néu that sy f* < 3 thi do f lien tuc trén D,
nén suy ra Ju € D : f* < f(u) < 3. Tit bat dang thiic:

F@®) + s(te)p(x®) < flu)s(te)p(u),

tuong tu 1.b) ta suy ra: f(z¥) < f(u),Vk > K;. Diéu nay mau thuan
VOl

f@®) > B> f(u), k.
Vay 8= f(z%).
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4.2 Phuong phap ham phat diém ngoai

Dinh nghia 4.2. Ham s6 p: R* — R duogc goi la ham phat diém ngodi mién

D ciia bai toan (4.1) néu théa man:
a) p lien tuc trén R™.
b) p(x) =0,Vz € D,p(x) > 0,Vz ¢ D.

Vi du 4.2.1. Vdi g; clia bai todn (4.1), ta c6 2 ham phat diém ngoai

Zmax (0, g;(x (4.6)
7j=1
Z max(0, g;(z))]*. (4.7)
j=1

* Xay dyng bai toan phu (F))
1) Xay dung ham r: R4\ {0} — R\ {0}.
i) r(t) lien tuc tai V¢t > 0,r(t) — 0 khi ¢t — +o0.
ii) r(t) don diéu tang: t >t >0 — r(t) > r(t') > 0.
2) V6i mdi t ¢6 dinh xay dyng bai toan phu (B;):

(P) min{ F'(z,t) := f(z) +r(t)p(z) | x € R"}.

Ta c6 ménh dé va cach chiing minh tuong tu ménh dé (4.1).

Meénh dé 4.2. Gid sit (P,) c6 nghiém ¥t > 0. Khi dé néu x la nghiém cia
(B),(i=1,2) va 0 < t, < ts thi

1) p(z') > p(2?).

2) f(a') < fla?).

Dinh 1y 4.2. Néu day {t;} don diéu tang dén +oo va x* la nghiém cia (Py,),
thy day so {f(x*)} hoi tu tang dén gid tri toi wu f. cia (4.1). Ngodai ra moi

diém tu ciia day {z*} déu la nghiém cia (4.1).
Chaing minh. Goi z* € argmin(4.1), 2% € argmin(P,,) suy ra p(z*) = 0 va

F@®) + r(te)p(a®) < f(2*) +r(ty)p(a”) = f.. (4.8)
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Ta sé chiing minh moi diém tu v* ctia day {z*} phai thuoc D.
That vay, gia st u* ¢ D = p(u*) > 0. Cho r(t) — +oo khi d6, Ik du 16n dé:

fw*) +r(ty)p(u”) > fo = mau thuan véi (4.8).

Do do, u* € D.

Bay gio ta ching minh u* € argmin(4.1):

Tit (4.8) ta suy ra f(z%) < f.,Vk.

Vi f lien tuc, qua gidi han ta duge: f(u*) < f..
Viu* € D= f(u*) = f. = u* € argmin(4.1)

Cubi ciing, ta ching minh f(z%) & f.
Ta co: f(2%) < fi,Vk va theo ménh dé (4.2) = f(z*) / f. khit, — +o0 O

Cht y 4.2.1.

1. Néu tap {x | f(z) +r(t°)p(z) < c} compact vdi moi hang s6 C thi bai todan

khong rang buoc (P;) ¢ nghiém.

2. Néu g;,j =1,m loi thy (4.6), (4.7) loi.

4.3 Bai tap chuong 4
Bai tap 4.1. Cho bai todn
(P)  min{f(z) [z €5, g(z) <0},

trong dé, f,g ham lom trén S, S la da dién 1oi bj chin va g(z) > 0,Vz & S.

Chaing minh rang 3t* € (0,+00) sao cho moi nghiém cia bai todn
(F)  min{f(z)+tg(z) | v € S},

deu la nghiém cia (P),Vt > t,.
(Ggi y: Cuec tiéu ctia ham 16m dat trén dinh ctia S.)



Chuong 5

TOI UU PA MUC TIEU

5.1 Diém hitu hiéu va bai toan tbéi vu da muc
tiéu
5.1.1 Diém hitu hiéu
Dinh nghia 5.1. Cho nén loi R? .= {x € R? | x < 0}, z,y € RP, ta ndi :
x nhé hon hodc bang y (x < y) khi va chi khi v —y € R
(Tic la : x; <y; Yi=1,p)

Dinh nghia 5.2. Cho Y C RP, ta néi : y* € Y la diém hiu hiéu hay diém
Pareto cia'Y néu :
AyeY déy<y* viy#y

Nhan xét 10. Vé mat hinh hoc néu y* la diém Pareto ciia Y thi non cé dinh
tai y* va cé phuong cia cic canh trung vdi phuong cia cic canh cia nén RY.
khong chita mot diem y € Y,y # y* nao.

5.1.2 Bai toan téi uu da muc tiéu

Cho R" > D #0,f: R"— R"Y := f(D) la anh ctia D qua f.

Bai toan t6i wu da muc tiéu duge viét nhu sau:
Min{f(z) | x € D}. (5.1)

Bai todn nay dugc hiéu la : hay tim mot tap (c6 thé 1a mot diém) cac diém
x* € D sao cho y* := f(x*) la diém Pareto ctia Y. Khi d6 x* dugc goi 1a

nghiém t6i wu ctia bai toan (5.1) hay diém hitu higu ctia f trén D.

34
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Chi ¥ 5.1.1.
1. Khip =1 thi z* la diém lam cuc tiéu tuyet doi f trén D.

2. Néu D la khic loi, | affine trén D (méi f; la affine) thi (5.1) dudc goi

la bai toan tuyén tinh da muc tiéu.

5.2 Su ton tai va tinh chat cta nghiém toi uvu
cua bai toan t6i vu da muc tiéu
Ménh dé 5.1. Cho A € RP la vector duong A > 0. Khi dé moi nghiém toi wu
cua bai toan mot muc tiéu
min{\" f(z) | » € D} (5.2)
deu la diém hiu hiéu cia f trén D.

Chitng minh. Goi x* € argmin(5.2). Gia st 2* ¢ argmin(5.1) (tic «* khong
phai I diém hitu hiéu ctia f trén D). Suy ra :

' e D: f(a) < f(z) va f(2) # fla).
Két hop v6i A > 0 (tic 1a \; > 0,Vi = 1,p), ta co:
M) < AT f(a).

Diéu nay mau thuén véi z* € argmin(5.2).

Vay, z* € argmin(5.1) O
Hé qua 5.1.1. Néu D compact va f(x) nia lién tuc dudi thy bai todn toi wu

da muc tiéu (5.1) cé nghiém toi wu.

Dinh 1y 5.1. Gid st (5.1) la bai todn quy hoach loi. Khi dé moi u € argmin
(5.1) déu ton tai A = (A1, Aay ..., A\y) > 0 sao cho u € argmin cia bai todn
min{\? f(z) | z € D}.

Ching minh.
Dat C:=cov (K :={y € R |y = f(z) — f(u),x € D}).

1) Ta ching minh C'N RP = {0}:
Trude hét, C # 0 vi {0} € K (lay x = u).
Lay bat ky y € C, vi C 1a bao 16i ctia K nén suy ra :

WyPeK: y=ty+(1-1t)y’, 0<t<1
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Va Jat, 2% € D:

v =f@) - flw), i=12 (5.3)
Lay v = tz' + (1 — t)2*> = x € D (D 16i).
Do f 16i va két hop véi (5.3) co:

fl@) = flu) Stf(a') + (1= t)f(2®) — f(u)

=t(f(z") = f(w) + (L =) (f(2") = f(u))

=ty +(1-t)y" =y

Tae I f(z) — f(u) <y
Giasty e CNRY vay <0, ta suy ra

fla)=flu) <0 va  f(z)# f(u)

Do d6 v khong phai 1 diém hitu hieu ctia f trén D. Diéu nay mau thuin
Vv6i gia thiét v 1a diém hitu hieu ctia f trén D.
Vay: C N RY ={0}.
2) Bay gio ta sé ching minh u € argmin{\" f(z) | z € D}:
Do C' 161, R? 16i va C N R = {0} nén theo dinh ly tach IA £ 0 (A =
)\1, )\2, ey )\p)Z
My<0 VyeRP (5.4)
My>0 Wwek (5.5)
Béng cach chia cho > 7 A tacol Db A\ = 1.
Tit (5.4) = AT > 0.
Tt (5.5) va dinh nghia ctia K suy ra X'y = AT(f(z) — f(u)) > 0,Vz € D.

Do d6, u 1a nghiém t6i uu cia bai toan (5.2):

min{\" f(z) | € D}.

Bay gio, ta xét bai toan sau:
Bai Toan 5.2.1. Cho quy hoach loi
Minf(z) (5.6)

reD={zreR"|g(x) <0}
trong dé f : R® = RP, g¢g:R" — R™ [oi.
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Dinh 1y 5.2. Gid st quy hoach loi (5.6) théa man diéu kién Slater. Khi dé
2% la diém hitu hiéu ciia (5.6) khi va chi khi ton tai (2°,0°) sao cho (z°,2°) la
diém yén ngua clia ham

F(u®,z,v) = (u°, f(2)) + (v,g(z)) tren R" x R}

Chiing minh.

=) Gia stt 2% 1a diém hitu higu ctia quy hoach 13i (5.6).
Theo dinh 1y (5.1), Ju® > 0: 2° € argmin{min, («°, f(z)) | g(z) < 0}
Ap dung dinh 1y diém yen ngua cho ham Lagrange clia bai toan nay, ta

suy ra ton tai v° > 0 sao cho (2°,0°) la diém yén ngya ciia ham
F(u’,z,v) = (u f(z)) + (v,9(z)) tren R" x R}
Thc la:

Fu’ 2% v) < Fu,2°0°) < F(u®,2,0°) V(z,0) e R" xR (5.7)

<) (2°u°) la diém yén ngua ctia F(u’, z,v) trén R™ x R™.
Tit diéu kien Slater, ldp lai chitng minh ctia dinh ly diém yén ngya (&
chuong 2), ta c6 u® > 0. Ap dung (5.7) v6i v = 0 ta c6

<u0,f(xo)> < <u0,f(x)> + (v, g(x)) = <x0,f(x)> Vo € D
= 2" € argmin{(«’, f(z)) |z € D}

Theo ménh dé (5.1), 2° 1a diém hitu hi¢u ctia f trén D.

5.3 Bai tap chuong 5

Bai tap 5.1. Diém x* € D goi la hitu hiéu yéu ciia ham vector f(x) trén D
néu Ar € D: f(x) < f(x*).

Chiing minh rang néu X\ > 0 thi moi nghiém ciia bai todn
min \” f(z)|z € D

deu la diém hau hiéu yéu cia f trén D.
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Bai tap 5.2. Cho bai todn toi vu da muc tiéu
Mingep f(x), f: R" — RP.

Chatng manh x° la diém hiu hiéu (diém Pareto) khi va chi khi 2° la nghiém toi

wu cua bai todn mot muc tiéu
min () := e’ f(z)|z € D, f(z) < f(a”),
trong do : e = (1,1,...,1) € RP.
Bai tap 5.3. Tim mot diém hitu hiéu cia bai todn da muc tiéu
Min{f(z) = (f1(z), fa(2)) |z € D},
trong do:

fi(z) = @1 4 295 fo(x) = 21 — 229; D = {z|r1 > 22,0 <2y < 2,20 >0}
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